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FOREWORD
I  s h o u l d  l i k e  t o  a c k n o w l e d g e  my d e h t  t o  a l l  t h o s e  who h a v e  
made i t  p o s s i b l e  f o r  me t o  c o m p l e t e  t h i s  w o r k .  E s p e c i a l l y  I  
w ou ld  l i k e  t o  t h a n k  P r o f e s s o r  Howard E .  R e i n h a r d t  f o r  h i s  p a t i e n t  
g u i d a n c e  d u r i n g  a l l  t h e  p r e p a r a t i o n  and  w r i t i n g  o f  t h i s  t h e s i s  
and  f o r  t h e  e x c e l l e n c e  o f  h i s  i n s t r u c t i o n  w h i c h  was  so e s s e n t i a l  
t o  my b a c k g r o u n d .  A l s o ,  my s p e c i a l  t h a n k s  t o  P r o f e s s o r  J o s e p h  
H a s h i s a k i  f o r  h i s  c r i t i c a l  r e a d i n g  a n d  h i s  i n v a l u a b l e  s u g g e s t i o n s  
f o r  i m p ro v e m e n t s  i n  t h e  t e x t .  And t o  t h e  e n t i r e  D e p a r t m e n t  o f  
M a t h e m a t i c s  o f  M on tana  S t a t e  U n i v e r s i t y ,  I  am g r a t e f u l  f o r  t h e i r  
t i m e  and  e f f o r t  s p e n t  i n  my b e h a l f .
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INTRODUCTION
I t  i s  t h e  p u r p o s e  o f  t h i s  t h e s i s  t o  d e v e l o p  t h e  m a t h e m a t i c s  
n e c e s s a r y  t o  s t u d y  l i n e a r  h y p o t h e s i s  t e s t i n g  p r o b l e m s .  T h e se  
t e s t s  f o r  l i n e a r  h y p o t h e s e s  a r e  d e v e l o p e d  so  t h e  u s e r  may a c c e p t  
o r  r e j e c t  c e r t a i n  h y p o t h e s e s  w i t h  some m e a s u r e  o f  a s s u r a n c e  t h a t  
he i s  c o r r e c t  i n  h i s  c o n c l u s i o n s .  T h i s  d i s c u s s i o n  w i l l  n o t  r i g o r ­
o u s l y  t r e a t  a l l  l i n e a r  h y p o t h e s i s  t e s t i n g  p r o b l e m s ,  a s  t h i s  w o u ld  
r e q u i r e  c o n s i d e r a b l e  s p a c e ,  b u t  w i l l  d e v e l o p  t h e  r e q u i r e d  d i s t r i ­
b u t i o n s ,  p r e s e n t  a n  h e u r i s t i c  a r g u m e n t  c o n c e r n i n g  s e v e r a l  e x a m p l e s ,  
and  t h e n  show t h a t  t h e s e  h e u r i s t i c  a r g u m e n t s  p r o d u c e  th e  m ost  d e ­
s i r a b l e  r e s u l t s .
F i r s t ,  we d e v e l o p  two i d e a l ,  t a b u l a t e d  d i s t r i b u t i o n s  ( C h a p t e r
l ) ,  n a m e ly  t h e  C h i - s q u a r e  and  t h e  a n a l y s i s  o f  v a r i a n c e  (F )  d i s t r i ­
b u t i o n s .  We t h e n  p r o v e  some t h e o r e m s  i n v o l v i n g  q u a d r a t i c  f o r m s  
an d  show t h a t  u n d e r  c e r t a i n  a s s u m p t i o n s ,  t h e s e  q u a d r a t i c  f o rm s  a n d  
t h e i r  r a t i o s  w i l l  h a v e  t h e  C h i - s q u a r e  a n d  a n a l y s i s  o f  v a r i a n c e  
d i s t r i b u t i o n s  ( C h a p t e r  I I ) ,  I n  C h a p t e r  I I I  we c o n s i d e r  t h e  one 
f a c t o r  e x p e r i m e n t  w i t h  r e p l i c a t i o n  and  d e v e l o p  a  r e a s o n a b l e  t e s t  
f o r  c e r t a i n  h y p o t h e s e s .  C h a p t e r  17 i s  a  d i s c u s s i o n  o f  t h e  m a x i ­
mum l i k e l i h o o d  r a t i o  m e th o d  f o r  l i n e a r  h y p o t h e s i s  t e s t i n g  p r o b ­
l e m s ,  w h i l e  C h a p t e r  V i s  d e v o t e d  t o  s h o w in g  t h a t  t h i s  m e th o d  i s  
t h e  m ost  d e s i r a b l e  i f  t h e  a s s u m p t i o n  o f  l i n e a r i t y  was c o r r e c t .
I t  i s  a s su m e d  t h e  r e a d e r  o f  t h i s  d i s s e r t a t i o n  h a s  some 
b a c k g r o u n d  o f  m a t h e m a t i c a l  s t a t i s t i c s ,  c a l c u l u s  a n d  m odern  
a l g e b r a .
i v
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CHAPTER I
CHI-SQUARE AND ANALYSIS OP VARIANCE DISTRIBUTIONS
T h r o u g h o u t  t h i s  d i s s e r t a t i o n  we s h a l l  h e  c o n c e r n e d  w i t h  t h e  
random  v a r i a b l e
= x /  + ( 1 , 1 )
w h e re  , X g , * , , ,  X^ a r e  n o r m a l l y  an d  i n d e p e n d e n t l y  d i s t r i b u t e d  
random  v a r i a b l e s ,  e a c h  w i t h  mean 0 and v a r i a n c e  1 ,  The d i s t r i -  
b u t i o n  o f  ( 1 . 1 )  w i l l  be r e f e r r e d  t o  a s  t h e  C h i - s q u a r e  ( X  ) d i s ­
t r i b u t i o n .  From t h e  a s s u m p t i o n s  c o n c e r n i n g  t h e  ran d o m  v a r i a b l e s  
we know t h a t  t h e i r  j o i n t  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  i s  g i v e n  b y
P(x^  . . .  , x ^ )  = ex p  - j ( x ^ ^  + Xg^ x ^ ^ ) / ^  .
2 2H e n c e ,  t h e  p r o b a b i l i t y  t h a t  X  -  R i s  g i v e n  b y
fJ i
S
rî/2
“ X ^ / 2e ' dx^ d X g . .  odx^ .
w h e re  S i s  t h e  h y p e r s p h e r e  w i t h  r a d i u s  R a n d  c e n t e r  0 ,  The p r o b a ­
b i l i t y  t h a t  R^ é  X^ ^ (R + 4 R ) ^  i s  t h e n  g i v e n  b y
'///• XZ/2,C /  /  J e  ' d x ^ . . . d x ^ ;
4 S
w h e re  C i s  a  c o n s t a n t  i n d e p e n d e n t  o f  R, L e t  P(  %  -  R ) d e n o t e  t h e  
p r o b a b i l i t y  t h a t  X  -  R • T h e r e f o r e
t*2
^ ^ (  R^)] = C e"^
(1)
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( 2 )
w h e r e  ^  ^ (R + AR)^ ( b y  t h e  mean v a l u e  t h e o r e m  f o r  i n t e g r a l s !
2 2 2 
^ v  i s  t h e  vo lum e  o f  t h e  s p h e r i c a l  s h e l l  R ^ X -  (fi + AR) • T h i s
vo lum e  i s  g i v e n  b y  <ûv = C*R^**^<ÛR, a n d  i f  j&R a p p r o a c h e s  0 ,  we o b t a i n
.  C” e - s V ^ R n - l .
2
H e n c e ,  s i n c e  % ^ 0 ,
p (  % : ^ r 2 )  -  X ^ /2  . J s e  -  X ^ 2 (
O o
2The p r o b a b i l i t y  d e n s i t y  o f  %  i s  t h e r e f o r e ,
H  X ^ )  = C( % 2 ) ( n - 2 ) / 2 e  -  X ^ 2  f o r  0
= 0 f o r  "Xf < 0 .
The c o n s t a n t  C r e m a i n s  t o  be  d e t e r m i n e d  an d  f o r  t h i s  t o  be a  d e n ­
s i t y  f u n c t i o n  we know
S J - X V 2 a - ^ 2  .  1 ,
o
H e n c e ,
1 / s  -  * x V 2 r ^ 2
-  X^/2)(""2)/2e
L e t  X =» *X^/2 a n d  we o b t a i n
oo
1 /C = J
t h e  i n t e g r a l  b e i n g  t h e  w e l l  known gamma f u n c t i o n .  H e n c e ,  
1 /C  = 2 ^ / ^ Y ( V 2 ) .
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( 3 )
Then
p  ( X=) . 2” / 2  <^( j , /2 )
The p a r a m e t e r  n  i n  t h i s  d i s t r i b u t i o n  i s  c a l l e d  t h e  n u m b e r  o f  d e g r e e s  
o f  f r e e d o m .  R o u t i n e  c o m p u t a t i o n  shows t h e  mean a n d  v a r i a n c e  o f  a  
C h i - s q u a r e  d i s t r i b u t i o n  t o  b e  n  an d  2n  r e s p e c t i v e l y *  The C e n t r a l  
L i m i t  Theorem s t a t e s  t h a t  i f  a r e  n  i d e n t i c a l l y  a n d  i n d e ­
p e n d e n t l y  d i s t r i b u t e d  r andom  v a r i a b l e s ,  w i t h  mean u  an d  v a r i a n c e  2 ,
n  ?
t h e n  X"Y- i s  a s y m p t o t i c a l l y  n o r m a l  w i t h  mean n u  an d  v a r i a n c e  n  
i T l  1
( C r a m e r ,  M a t h e m a t i c a l  M e th o d s  o f  S t a t i s t i c s .  P r i n c e t o n  U n i v e r s i t y  
P r e s s ,  1 9 5 8 » C h a p t e r  I ? ) *  H e n c e ,  s i n c e  t h e  ’ s a r e  i n d e p e n d e n t l y  
an d  i d e n t i c a l l y  d i s t r i b u t e d  a s  C h i - s q u a r e ,  e a c h  w i t h  mean u  = 1 a n d
2 2 — common v a r i a n c e  (T = 2 ,  t h e n  f o r  l a r g e  n ,  ( X  “  n ) / ( 2 n ) 2  i s  a p p r o x ­
i m a t e l y  n o r m a l l y  d i s t r i b u t e d  w i t h  mean 0 and  v a r i a n c e  1 .
2 2
I f  X] h a s  n.j d e g r e e s  o f  f r e e d o m  and  h a s  d e g r e e s  o f
2 2f r e e d o m  a n d  a n d  a r e  i n d e p e n d e n t l y  d i s t r i b u t e d ,  t h e n
2 2 2
X  "  Xf + %2 ^ s s  t h e  C h i - s q u a r e  d i s t r i b u t i o n  w i t h  n^ + Ug
d e g r e e s  o f  f r e e d o m .  T h i s  i s  r e a d i l y  s e e n  t o  be t r u e ,  f o r  t h e  i n ­
d e p e n d e n c e  o f  ^ a n d  s a y s  t h e  X ^ ' s  o f  ^ a r e  i n d e p e n d e n t
o f  t h e  X ■ ® s o f  *^2 ^ o r  i  — 1 , *  # * , n ^ { j  — 1 , . *  * , n g , a n d  h e n c e
J
X^ = + X 2 ^ h a s  t h e  C h i - s q u a r e  d i s t r i b u t i o n  w i t h  n^ + ng
d e g r e e s  o f  f r e e d o m  b y  d e f i n i t i o n .
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( 4 )
THEOREM ( 1 )  L e t  Xg ® i n d e p e n d e n t l y
2
d i s t r i b u t e d  v a r i a b l e s  s u c h  t h a t  h a s  t h e  C h i - s q u a r e  d i s t r i ­
b u t i o n  w i t h  n^  d e g r e e s  o f  f r e e d o m .  Then
h a s  t h e  C h i - s q u a r e  d i s t r i b u t i o n  w i t h  n  = n^ + ng +n^
d e g r e e s  o f  f r e e d o m .
P r o o f Î (b y  i n d u c t i o n )
ANALYSIS OF VARIANCE DISTRIBUTION
T h r o u g h o u t  t h e  p r e s e n t a t i o n  we s h a l l  be  c o n c e r n e d  w i t h  t h e  
d i s t r i b u t i o n  o f  t h e  r a t i o  o f  two i n d e p e n d e n t  C h i - s q u a r e  e x p r e s ­
s i o n s ,  so  we now d e r i v e  t h i s  d i s t r i b u t i o n .
2 2
S u p p o se  X<j Sind Xg a r e  i n d e p e n d e n t l y  d i s t r i b u t e d  a s  
C h i - s q u a r e  d i s t r i b u t i o n s  w i t h  n^ and  ng d e g r e e s  o f  f r e e d o m  r e ­
s p e c t i v e l y ,  T h e i r  j o i n t  d i s t r i b u t i o n  i s  g i v e n  b y
C o n s i d e r  t h e  t r a n s f o r m a t i o n :  Y = ( % ^ ^ ) / (  X g ^ ) ,  Z = + X g ^ .
The J a c o b i a n  o f  t h i s  t r a n s f o r m a t i o n  ( F r a s e r ,  S t a t i s t i c s : An 
I n t r o d u c t i o n , New Y o r k ,  1957» C h a p t e r  8 )  i s
a x / a X i " z 1
aY è z (1+Y)2 ( i +y ) Z
a x z ' -Z 1
(1 +
^Y a z (1+Y)^ (1+Y)
.2*
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H e n c e ,
( 5 )
( f o r  Z&O, Y^O)
= 0 ( f o r  Z<0,  Y<0)
I n t e g r a t i n g  w i t h  r e s p e c t  t o  Z f r o m  0 t o  co g we o b t a i n  t h e  d e n s i t y  
f u n c t i o n  f o r  Y
"  V ( n , / 2  ) T ( n g / 2  ) ( 1 +T) ^*'l ™ 2
N ote  t h a t  Y was d e f i n e d  a s  t h e  r a t i o  o f  two Chi*»square  e x p r e s s i o n s ,  
C o n s i d e r  now t h e  v a r i a b l e  
2 ^  2
F  =  %2 ^ 1  / ^ 1  % 2 o r  n ^ P / n g  = Yo
The p r o b a b i l i t y  o f  o b t a i n i n g  a n  P ^  P i s  g i v e n  b y
r oo
H C n ^ P / n ^ X n ^ n ^ )  dP
7 6 . . . . , , / j  „  ■ « „
<> ( n ,  / 2  ) T ( n 2 / 2  ) (1 P / n ^  )  +°2
The v a l u e s  o f  P a n d  P f o r  w h i c h  G(P)  = «05 an d  C ( f )  = ,01 h a v e  
b e e n  t a b u l a t e d  b y  G« W, S n e d e c o r  ( S t a t i s t i c a l  M e t h o d s , Io w a  S t a t e  
C o l l e g e  P r e s s ,  1946» C h a p t e r  1 0 ) .
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CHAPTER I I
MATRICES AM) QUADRATIC FORMS
We f i r s t  c o n s i d e r  t h e  a l g e b r a  o f  m a t r i c e s  a n d  t h e i r  u s e  a s  a 
r e p r e s e n t a t i o n  o f  t r a n s f o r m a t i o n s  o f  v e c t o r  s p a c e s ,  an d  p r o v e  a  
few  e l e m e n t a r y  t h e o r e m s  c o n c e r n i n g  them® We t h e n  d i s c u s s  some 
p r o p e r t i e s  o f  q u a d r a t i c  f o rm s  a n d  t h e  b e h a v i o r  o f  t h e i r  d i s t r i b u ­
t i o n  u n d e r  c e r t a i n  t r a n s f o r m a t i o n s *  We t h e n  p r o v e  C o c h r a n ' s  
Theorem  w h i c h  e n a b l e s  u s  t o  p a r t i t i o n  a  sum o f  s q u a r e s  i n t o  a  sum 
o f  q u a d r a t i c  f o r m s ,  w h i c h  we may t h e n  a p p l y  t o  a  h y p o t h e s i s  t e s t ­
i n g  p r o b le m *
DBFTHITIOH ( l ) The p r o d u c t  o f  two t r a n s f o r m a t i o n s  i s  
d e f i n e d  a s  t h e  r e s u l t  o b t a i n e d  b y  p e r f o r m i n g  th e m  i n  s u c c e s s i o n ?  
f i r s t  ^ , t h e n  p r o v i d e d  t h e  r a n g e  o f  4> i s  t h e  d o m a in  o f  I n  
o t h e r  w o rd s
f>t S ---- > T,  T------> U,
w h ere  t h e  t r a n s f o r m a t i o n  o f  S i n t o  U i s  g i v e n  b y  t h e  e q u a t i o n  
P ( f f )  = ( P # ) f ,
w h i c h  d e f i n e s  t h e  t r a n s f o r m a t i o n  u p o n  a n y  p f S  ( B i r k h o f f  an d  
Mac L a n e ,  A B r i e f  S u r v e y  o f  M odern  A l g e b r a , New Y o r k ,  1955» 
C h a p t e r  6)®
G iv e n  a  l i n e a r  t r a n s f o r m a t i o n  T o f  V ^ (P )  > T ^ ( p ) ,  t h e
m a t r i x  A = ( a . . ) ,  i s  t h e  u n i q u e  m a t r i x  whose  i ^ ^  row i s  t h e  
^ J
c o o r d i n a t e s  o f  e^T  w i t h  r e s p e c t  t o  a  g i v e n  b a s i s  ( B i r k h o f f  and  
Mac L a n e ,  C h a p t e r  8 )*
( 6 )
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
( 7 )
C o n s i d e r  two l i n e a r  t r a n s f o r m a t i o n s  , T g ' ^ ^ ( F )  ---- ^ Y ^ ( P ) .
We w i s h  t o  co m pu te  t h e i r  m a t r i x  p r o d u c t  AB w h i c h  c o r r e s p o n d s  t o  
s o  t h a t
V :  -  ■'a b *
( T h a t  i s ,  f o l l o w e d  b y  i s  t h e  same a s  t h e  t r a n s f o r m a t i o n  w hose  
m a t r i x  r e p r e s e n t a t i o n  i s  t h e  p r o d u c t  o f  A a n d  B o )  Now
w h ere  T,  i s  t h e  t r a n s f o r m a t i o n  t h a t  t a k e s  e a c h  u n i t  v e c t o r  e .  i n t o  A 1
t h e  i ^ ^  row o f  A, and
®j'^B
Now
( d e f i n i t i o n )
( s u b s t i t u t i o n )
( l i n e a r i t y )
( s u b s t i t u t i o n )
w h e re
>^ik®k’
i k  < ^ ^ i j ^ j k  ^ i l ^ l k  & i2^2k  ^ i n ^ n k '
w h i c h  d e f i n e s  t h e  m a t r i x  p r o d u c t  C = AB, i n  o r d e r  t h a t  T ,T _  = T , ^ .
A B AB
THEOREM ( 2 ) The p r o d u c t  o f  t r a n s f o r m a t i o n s  o f  v e c t o r  s p a c e s
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
( 8 )
s a t i s f i e s  t h e  a s s o c i a t i v e  l a w .
P r o o f  Î L e t
’ ’a ' ?k (F )  V^(p) — ^  V_^(P), T^: T^(P) V ^ (F ) ,
be  t r a n s f o r m a t i o n s .  L e t  X be a  v e c t o r  i n  V ^ ( P ) ,  t h e n  
X ( T ^ ( V ^ ) )  -  (XT^) (TgTc)
-  (YTg)Tg (where XT^ •  ï )
= ( ( X T ^ ) l 3 ) T g ,
b u t
X ( V 3 ) T ( ,  -  (X(T^T j ) ) T 3
= ( (X T ^ ) T j ) T ( . .
Hence T ^ ( V c ^  "
We may now o b t a i n  t h e  a s s o c i a t i v e  l aw  f o r  m a t r i x  m u l t i p l i ­
c a t i o n  f r o m  t h e o r e m  ( 2 ) ,  s i n c e  t h e  m a t r i x  r e p r e s e n t a t i o n  o f  t h e  
t r a n s f o r m a t i o n  T ^ (T ^T ^ )  = (T^T ^)T ^  i s  A(BC) = (AB)C,
DEFINITION ( 2 )  I  = i s  c a l l e d  t h e  u n i t  o r  i d e n t i t y
m a t r i x  w here
[O i f  i  /  j
S i1  -^  *1 i f  i  = j
THEOREM ( 3 )  lA  = A = A I ,  f o r  e v e r y  A f o r  w h i c h  t h e s e  p r o ­
d u c t s  a r e  d e f i n e d .
P r o o f :  L e t  c^^  b e  t h e  e l e m e n t  i n  t h e  i ^ ^  row and  co lu m n
o f  l A .  Now
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H ence  lA  = A a n d  a  s i m i l a r  p r o c e d u r e  shows AI = A.
DEFINITION ( 5 )  An e l e m e n t a r y  row o p e r a t i o n  p e r f o r m e d  on  a  
g i v e n  m a t r i x  A = ( a ^ ^ ) ,  c o n s i s t s  o f  one o f  t h e  f o l l o w i n g :
1 )  t h e  i n t e r c h a n g e  o f  a n y  two ro w s  o f  A;
2 ) m u l t i p l i c a t i o n  o f  a  row o f  A b y  a  n o n - z e r o  c o n s t a n t  c i n  F; 
5 ) t h e  a d d i t i o n  o f  a n y  m u l t i p l e  o f  one row o f  A t o  a n y  o t h e r
row o f  A.
DEFINITION ( 4 ) An e l e m e n t a r y  m a t r i x  i s  one w h i c h  w i l l  p e r ­
f o r m  a n  e l e m e n t a r y  row o r  c o lu m n  o p e r a t i o n  on  a  g i v e n  m a t r i x  A 
d e p e n d i n g  u p o n  w h e t h e r  i t  p r e - m u l t i p l i e s  o r  p o s t - m u l t i p l i e s  A r e ­
s p e c t i v e l y .
DEFINITION ( 5 ) A m a t r i x  w h i c h  may h e  w r i t t e n  a s  c l ,  w h e r e  c 
i s  a  c o n s t a n t  a n d  I  i s  t h e  i d e n t i t y  m a t r i x ,  i s  a  s c a l a r  m a t r i x .
THEOREM ( 4 ) A s c a l a r  m a t r i x  commutes  w i t h  e v e r y  m a t r i x  
w h e re  t h e  p r o d u c t  i s  d e f i n e d .
P r o o f ;  L e t  C = c l  he  a  s c a l a r  m a t r i x .  L e t  A = ( a . . )  h e  a n y
^ 0
s q u a r e  m a t r i x  w h e re  CA an d  h e n c e  AC a r e  d e f i n e d .  L e t  D == CA a n d  
c o n s i d e r  t h e  e l e m e n t  d . . i n  CA. Now
X J
^ i j  "  Ç ^ i k ^ k j  "  ° i i ^ i j
= * i j ° i i
= S f j C j j  = ^  V k j '
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W hich  i s  t h e  e l e m e n t  i n  t h e  i ^ ^  row a n d  co lu m n  o f  AC, a n d  t h e
t h e o r e m  i s  p r o v e n ,
THEOREM ( 5 ) (AB) = B A* (A i s  t h e  t r a n s p o s e  o f  A . )  
P r o o f ;  C o n s i d e r  t h e  e l e m e n t  i n  t h e  i ^ ^  row a n d  co lu m n
o f  (AB) a n d  d e n o t e  i t  b y  c ^ ^ .  Now
k=1
n
G j k ^ k i  = ^  \ i ^ j k ’
s i n c e  c . . i s  a l s o  t h e  e l e m e n t  i n  t h e  row and  i ^ ^  co lu m n  o f  AB.
^ J
Hence  A h a s  n  c o lu m n s  a n d  B h a s  n  r o w s , Now l e t  d^^  be t h e  e l e ­
m en t  i n  t h e  i ^ ^  row a n d  co lum n  o f  B A , Then
m
-  '
8
I I
Hence B h a s  m c o lu m n s  an d  A h a s  m r o w s .  T h e r e f o r e  A h a s  m
c o lu m n s  and  B h a s  m row s  and  m = n .  Then  d . . = c . . f o r  a l l  i  an d
j , w h i c h  p r o v e s  t h e  t h e o r e m .
THEOREM ( 6 )  (AB)  ̂ = B ^A  ̂(AB)  ̂ d e n o t e s  t h e  i n v e r s e  o f  AB
- 1  -1P r o o f :  S u p p o se  C = B A , Then
ABC = ( A B ) ( b“ ^A“ ^)  = A (B B "^)a"^ = AIA~^ = AA"^ = I ,  ( 2 . 1 )
a n d
CAB = (B "^ A " ' ' ) (A B )  = B""’ (A"^A)B = B“ ”' i B = B "’’b  = I .  ( 2 . 2 )
Prom ( 2 . 1 ) a n d  ( 2 , 2 )  we s e e  t h a t  C must  be t h e  i n v e r s e  o f  AB.
T h e r e f o r e  C = (AB)”  ̂ an d  t h e  t h e o r e m  i s  p r o v e n ,
THEOREM ( 7 ) ( a " ^ ) *  = ( a ' ) " ^
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P r o o f :  a” ^A = I .  Then  A*(A~^) = I  = 1 .  T h e r e f o r e  (A ^ )
m u s t  he  t h e  i n v e r s e  o f  A an d  h e n c e  t h e  t h e o r e m .
An e l e m e n t a r y  row o p e r a t i o n  c a r r i e s  t h e  m a t r i x  I  i n t o  a n  e l e ­
m e n t a r y  m a t r i x  E a n d  h e n c e  c a r r i e s  t h e  m a t r i x  A i n t o  t h e  p r o d u c t  
m a t r i x  EA. The d e t e r m i n a n t  o f  I  ( | I ) =  1)  i s  c h a n g e d  by  a n  e l e m e n ­
t a r y  row o p e r a t i o n ,  t o  t h e  d e t e r m i n a n t  o f  E ,  w hose  v a l u e  i s  1,
- 1 ,  o r  c ,  d e p e n d i n g  upon  t h e  p a r t i c u l a r  o p e r a t i o n  c o n s i d e r e d .  I f  
A i s  a  n o n - s i n g u l a r  s q u a r e  m a t r i x  ( s o  i t s  d e t e r m i n a n t  i s  d e f i n e d  
a n d  n o t  e q u a l  t o  z e r o )  a n d  E i s  a n  e l e m e n t a r y  m a t r i x ,  t h e n  EA 
e q u a l s  |a | , -  /a | , o r  c (a | , d e p e n d i n g  on t h e  p a r t i c u l a r  E c o n s i d e r e d .
Now |EA| = (Ej /aI = |A| Ie J . A n o n - s i n g u l a r  m a t r i x  A may b e  w r i t t e n  
a s  a  p r o d u c t  o f  e l e m e n t a r y  m a t r i c e s  ( B i r k h o f f  a n d  Mac L a n e ,  C h a p t e r  1 0 ) .
U t i l i z i n g  t h e  r e s u l t s  o f  t h e  p r e c e d i n g  p a r a g r a p h  and  a n  i n d u c ­
t i v e  t y p e  a r g u m e n t ,  we c o u l d  p r o v e  t h e  f o l l o w i n g  t h e o r e m .
THEOREM ( 8 )  /AC| = / a / / c | .
DEFINITION ( 6 )  G iven  two v e c t o r s  = ( X ^ , . . . , X ^ )  a n d  
= ( Y ^ , . . . , Y ^ ) .  By t h e  i n n e r  p r o d u c t ,  (0C| , (X g) , we s h a l l  mean 
= X^Y^+ XgYg + . . . +  X^Y^.
DEFINITION ( 7 )  A b a s i s  £ X ^ f o r  V ^(P )  i s  a n  o r t h o ­
n o r m a l  b a s i s  i f
p  f o r  i  = j
(OC ĵOC; =f  f o r  i  = 1 , . . . , n  a n d  j  = 1 , . . . , n .
 ̂ vP o t h e r w i s e
DEFINITION ( s )  A l i n e a r  t r a n s f o r m a t i o n  T,  i s  o r t h o g o n a l  i f  
i t  p r e s e r v e s  t h e  a b s o l u t e  v a l u e  o f  e v e r y  v e c t o r  ^  s o  t h a t  T |  = j
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DEFINITION ( 9 )  A m a t r i x  B i s  o r t h o g o n a l  i f  r e l a t i v e  t o  an  
o r t h o n o r m a l  h a s i s ,  B r e p r e s e n t s  a n  o r t h o g o n a l  t r a n s f o r m a t i o n ,
A r e s u l t  o f  t h e  p r e c e d i n g  i s  t h a t  B i s  a n  o r t h o g o n a l  m a t r i x ,
i f  and  o n l y  i f  B~^ = B .
THEOREM ( 9 ) I f  P a n d  Q a r e  o r t h o g o n a l  m a t r i c e s  a n d  t h e i r
p r o d u c t  i s  d e f i n e d ,  t h e n  PQ, i s  o r t h o g o n a l .
-1 » - I I
P r o o f ;  From t h e  a s s u m p t i o n s ,  P = P and  Q = Q , Now
P P = I  and
o ' p ' p Q  = q ’ ( p ' p ) q = q ' i q  = q ' q = I ,
b u t  Q P = (PQ) and  (PQ) PQ, = I .  Hence PQ i s  o r t h o g o n a l .
LINEAR AND QUADRATIC FORMS
C o n s i d e r  now a  s y s t e m  o f  f o rm s  i n  v a r i a b l e s
L e t
L. = a . . X ,  + a .n X *  + . « .+  a .  X 1 1 1 1  x2 2 xn n ( X — 1 , o , , , m )
L e t
A = ( a . p  .
a mn/
be  c a l l e d  t h e  m a t r i x  o f  l i n e a r  f o rm s  i n  X ^ , . , . , X ^ .  S u p p o se  now
t h a t  t h e  X ^ ' s  a r e  t h e m s e l v e s  l i n e a r  f u n c t i o n s  o f  v a r i a b l e s
Y . ( T h a t  i s ,  X. = p . . Y ,  + . . . +  p .  Y ^ , )  We may t h e r e f o r e  1 s '  J j1 1 j s  8 / ^
w r i t e  t h e  L^ i n  t h e  f o l l o w i n g  m a n n e r ;
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w h e r e
L e t  L = (L ^ )  a n d  X = (X^) b e  co lu m n  v e c t o r s  o f  m and  n  c o m p o n e n t s  
r e s p e c t i v e l y .  We may now r e w r i t e  t h e  s y s t e m  o f  m l i n e a r  r e l a t i o n s  
i n  t h e  f o r m  o f  t h e  m a t r i x  e q u a t i o n ,  L = AX.
C o n s i d e r  now t h e  q u a d r a t i c  fo rm
' =Z
w h e re  A = ( a ^ ^ )  i s  s y m m e t r i c .  ( T h a t  i s .   ̂ = a ^ ^ . )  V'e may w r i t e
I
Q i n  m a t r i x  f o r m ,  Q = X AX, w h e re  t h e  s y m m e t r i c  n x n  m a t r i x  A i s
1
c a l l e d  t h e  m a t r i x  o f  Q, i n  v a r i a b l e s  X . , . , . , X  . N ote  t h a t  X i s  t h e1 n
row v e c t o r  o f  n  c o m p o n e n t s  o b t a i n e d  when we t a k e  t h e  t r a n s p o s e  o f  
t h e  co lu m n  v e c t o r  X,
S u p p o se  now t h a t  X = PY, w here
r.
F = ( P l j )  =
Pl1  P l 2  • • * Pirn
V  n1 nir.
I I
a n d  Y i s  a  co lum n v e c t o r  o f  m c o m p o n e n t s .  T hen  CJ = Y P APY, s o  
t h e  m a t r i x  o f  Q i n  t e r m s  o f  v a r i a b l e s  Y ^ , . . « , Y ^  i s  P AP, (N o te
t , I . I I t I
t h a t  P AP i s  s y m m e t r i c  s i n c e  (P  AP) = P P = P AP, w h e re  A i s  
s y m m e t r i c . )
DEFINITION ( 1 0 )  A q u a d r a t i c  f o r m  i n  X ^ , . . . , X  i s  p o s i t i v e  
d e f i n i t e  i f  i t  t a k e s  on o n l y  p o s i t i v e  v a l u e s  when t h e  v a r i a b l e s  
X ^ , . . « , X ^  t a k e  on r e a l  v a l u e s  n o t  a l l  e q u a l  t o  z e r o ,  A q u a d r a t i c  
f o r m  i s  c a l l e d  p o s i t i v e  s e m i - d e f i n i t e  when i t  t a k e s  on o n l y  n o n ­
n e g a t i v e  v a l u e s  ( p o s i t i v e  and  z e r o )  f o r  r e a l  v a l u e s  o f  X ^ , . , . , X ^ .
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I
THEOREM ( 1 0 )  Any q u a d r a t i c  fo rm  Q = X AX, w h e re  A i s  a n  n x n  
s y m m e t r i c  m a t r i x  a n d  X i s  a  c o lu m n  v e c t o r  o f  n  c o m p o n e n t s ,  may, by
I
a  n o n - s i n g u l a r  t r a n s f o r m a t i o n ,  b e  t r a n s f o r m e d  i n t o  Q = Y CY, w h e r e
C i s  a  d i a g o n a l  m a t r i x  o f  t h e  f o r m  c .  . = c . b .  . an d  Y i s  a  c o lu m n
i j  1 i j
v e c t o r  o f  n  c o m p o n e n t s .
P r o o f s  The p r o o f  o f  t h i s  t h e o r e m  r e d u c e s  t o  t h e  p r o b l e m  o f  
s h o w in g  t h a t  t h e  s y m m e t r i c  m a t r i x  A i s  c o n g r u e n t  t o  a  d i a g o n a l  
m a t r i x  C» ( T h a t  i s ,  t h e r e  e x i s t s  a n  n x n  n o n - s i n g u l a r  m a t r i x  R
I
s u c h  t h a t  R AR = C, w h e r e  t h e  e l e m e n t s  c . .  o f  C a r e  e i t h e r  a l l11
p o s i t i v e  o r  a l l  n o n - n e g a t i v e ,  d e p e n d i n g  u p o n  w h e t h e r  t h e  q u a d r a t i c  
f o r m  Q, was  p o s i t i v e  d e f i n i t e  o r  p o s i t i v e  s e m i - d e f i n i t e . )
LEMMA ( l )  E v e r y  s y m m e t r i c  m a t r i x  A i s  c o n g r u e n t  t o  a  d i a g o n a l  
m a t r i x .
P r o o f ;  I f  A i s  a  1x1 m a t r i x ,  t h e  t r u t h  o f  t h e  t h e o r e m  i s  
e v i d e n t .  T h e r e f o r e  we as sum e  i t  i s  t r u e  f o r  a l l  n - 1 x n - 1  m a t r i c e s
t
a n d  t h e  p r o o f  w i l l  be b y  i n d u c t i o n .  We s h a l l  a l s o  a s su m e  A = A 
/  0 o r  t h e  lemma i s  t r i v i a l .  F i r s t  we show A i s  c o n g r u e n t  t o  
some s y m m e t r i c  m a t r i x  H = ( h ^ ^ ) ,  w i t h  some d i a g o n a l  e l e m e n t  h ^ ^  f  0,
1)  T h i s  w i l l  be  t r u e  i f  some d i a g o n a l  e l e m e n t  o f  A i s  n o t  
z e r o ,  f o r  t h e n  A = H.
2 )  I f  a l l  t h e  a ^ ^  = 0 ,  t h e n  we know t h a t  t h e r e  i s  some
a . . = a . .  U 0 ,  s i n c e  A /  0 and  f u r t h e r m o r e  a . .  = a . .  = 0 .  We now 
i j  0 J
a d d  t h e  row o f  A t o  i t s  i^-^ row a n d  d e n o t e  t h i s  row o p e r a t i o n
on A b y  p r e - m u l t i p l i c a t i o n  o f  t h e  m a t r i x  A b y  t h e  e l e m e n t a r y  
m a t r i x  , Now p o s t - m u l t i p l i c a t i o n  o f  t h e  m a t r i x  A b y  t h e  e l e m e n ­
t a r y  m a t r i x  E^ = (E ^ )  , a d d s  t h e  co lu m n  o f  A t o  t h e  i ^ ^  c o lu m n .
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Hence H = E , A E . , w h e re  h . .  = 2 a . . = 2 a . .  /  0 and  t h e  f i r s t  p a r t
1 1  11 i j  '
o f  t h e  Lemma i s  p r o v e n .
We now i n t e r c h a n g e  t h e  f i r s t  row a n d  i ^ ^ r o w ;  and  t h e  f i r s t  c o l ­
umn an d  t h e  i ^ ^  co lum n  o f  H and  t h u s  o b t a i n  C = E^HEg, w h e re  C
i s  s y m m e t r i c  a n d  c o n g r u e n t  t o  H and  c.j.  ̂ = h^^  /  0 ,  C o n s i d e r now
a  s e q u e n c e  o f  e l e m e n t a r y  row o p e r a t i o n s  w h e r e b y  we m u l t i p l y  t h e  
f i r s t  row o f  C by  f o r  k = 2 ,  5 , . . . , n .  Now p e r f o r m ­
i n g  t h e  c o r r e s p o n d i n g  co lum n  o p e r a t i o n s  f o r  t h e  same v a l u e s  o f  
k ,  we o b t a i n  a  s y m m e t r i c  m a t r i x  o f  t h e  fo rm
(.0 A.,; k=2 ^ k=2
and  i t  i s  c l e a r  t h a t  A.j i s  a  s y m m e t r i c  m a t r i x  w i t h  n -1  row s  and  
n -1  c o l u m n s .  Hence f ro m  t h e  a s s u m p t i o n s ,  t h e  lemma i s  p r o v e d .
We now h a v e  r e d u c e d  t h e  s y m m e t r i c  m a t r i x  t o  a d i a g o n a l
I » I
m a t r i x .  Hence Q = X AX = Y P APY, w h e re  Y i s  t h e  co lum n  v e c t o r  
and  P i s  t h e  p r o d u c t  o f  t h e  e l e m e n t a r y  co lu m n  o p e r a t i o n s  n e c e s ­
s a r y  t o  r e d u c e  t h e  m a t r i x  A t o  t h e  d i a g o n a l  m a t r i x  ( C * ) .  Hence
(1 = y ' c*Y = ^  c . Y . ^ .
I f  Q i s  p o s i t i v e  s e m i - d e f i n i t e  o f  r a n k  m, w here  m<n, t h e  r a n k  o f  
0* i s  t h e n  m an d  t h e  c^  = 0 f o r  i>m.
DEFINITION ( 1 l )  The r a n k  o f  a q u a d r a t i c  fo rm  X = X AX i s
t h e  r a n k  o f  t h e  s y m m e t r i c  m a t r i x  A, I f  A i s  row r e d u c e d ,  t h e  r a n k  
o f  A i s  t h e  num ber  o f  n o n - z e r o  rows  i n  i t s  row r e d u c e d  f o r m .
THEOREM ( 1 1 )  I f  h a s  r a n k  n., and  h a s  r a n k  n^ t h e n  Q^+Q
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( 1 6 )
h a s  a t  m o s t  r a n k  n ^ + n ^ .
P r o o f  : Now
an d  some o f  t h e  o r  may he r e p r e s e n t e d  i n  t e r m s  o f  o t h e r s .  
E l i m i n a t i n g  a s  many a s  p o s s i b l e  we o b t a i n
I I
+ %2 '  ( n '  -  n ,  + n ^ )
1—1 J—I
w h e re  t h e  N^ a r e  l i n e a r l y  i n d e p e n d e n t  f o rm s  i n  t h e  X ' s .  T h e r e f o r e  
we h a v e  shown t h a t  t h e  r a n k  o f  a  sum i s  l e s s  t h a n  o r  e q u a l  t o  t h e  
sum o f  t h e  r a n k s .
THEOREM ( 1 2 )  I f  X ^ , . . , , X ^  a r e  n o r m a l l y  d i s t r i b u t e d  random  
v a r i a b l e s ,  e a c h  w i t h  mean 0 a n d  v a r i a n c e - c o v a r i a n c e  m a t r i x  (O'. . )  
a n d  i f
r
X. = ^  p . . Y . ,  ( i  = 1j  2 , . . . , r )
1 ^  10 0
w h e re  P = ( p . . )  i s  a n  o r t h o g o n a l  m a t r i x ,  t h e n  t h e  Y. a r e  a l s o  j o i n t l y
i  J J
n o r m a l l y  d i s t r i b u t e d  w i t h  means  0 a n d  v a r i a n c e - c o v a r i a n c e  m a t r i x  
( e r f . ) = P ^(01 . ) P   ̂ = P ( < n . ) P .  F u r t h e r ,  i f  t h e  X . , . . . , X  a r e  i n -
X  J  1 Q 1 J  I X*
d e p e n d e n t l y  d i s t r i b u t e d ,  a l l  w i t h  common v a r i a n c e  (7^ ,  t h e n  t h e  Y.
2a r e  i n d e p e n d e n t l y  d i s t r i b u t e d ,  a l l  w i t h  t h e  same v a r i a n c e C T  .
P r o o f :  The j o i n t  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  f o r  t h e  X ^ ' s
i s  g i v e n  by
 ' r )  '  - *  I ;
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( 1 7 )
w h e r e  (CT^^) = j ) "  a n d | c ^ ^ |  i s  t h e  d e t e r m i n a n t  o f  t h e  s y m m e t r i c
c o v a r i a n c e  m a t r i x  (C7^^). Now
= v a r i a n c e  o f  = e | ( X ^ - u ^ ) ^ J ,
CT- ■ = c o v a r i a n c e  o f  X. and  X. = E ( (X . - u .  ) (X . - u . H f o r  i /  j , 
i j  1 J i /  1 1 ^ '  3 3 J
w h e re  e [̂  J d e n o t e s  m a t h e m a t i c a l  e x p e c t a t i o n .  L e t  u s  now a p p l y
t h e  n o n - s i n g u l a r  l i n e a r  t r a n s f o r m a t i o n
X, = ^  p . .Y.« ( i  = 1 , . . . , r )
j  = 1 ^  ^
The J a c o b i a n  o f  t h i s  t r a n s f o r m a t i o n  i s  • The j o i n t  d e n s i t y
f u n c t i o n  o f  t h e  Y ^ ' s  i s  t h e n  g i v e n  by
IlFl
(277)='/^
IT -ill ^ C r * : ^ 4 . Y  ,
i=1 j=1 ^ J
w h e r e  P = ( p .  . ) ,  (7" = P ((7^^)P,  ( | P | |  i s  t h e  a b s o l u t e  v a l u e  o f  jP j
^ J
Now
( 2? ) ^ / ^  { 2 v Ÿ ^ ' ^ ^ ) p ' p  j ç r . .  I
T h e r e f o r e  t h e  Y . ' s  a r e  j o i n t l y  d i s t r i b u t e d  w i t h  means 0 a n d  v a r i a n c e -
0
c o v a r i a n c e  m a t r i x  ( 0 ^ ^ ^ )  = P ( 0 1 ^ ) P ,  s i n c e  P i s  o r t h o g o n a l .  I f  t h e  
X ^ , . . . , X p  a r e  i n d e p e n d e n t l y  d i s t r i b u t e d ,  t h e n ,  s i n c e  (CC^) i s  a 
s c a l a r  m a t r i x  a n d  P i s  o r t h o g o n a l ,
-  « r , . ) .
Hence  <7” ^^ = an d  t h e  Y ^ ' s  a r e  j o i n t l y  i n d e p e n d e n t l y  d i s t r i b u t e d
2
w i t h  v a r i a n c e  CT .
2
THEOREM ( 1 5 ) ( C o c h r a n )  I f  2 _  = Q ^ + . . . + 0 ^ ,  w h e re  t h e
i=  1
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( 1 8 )
Q ^ ’ s ,  f o r  i  = a r e  p o s i t i v e  s e m i - d e f i n i t e  q u a d r a t i c  f o r m s
i n  f a n d  i f  e a c h  q u a d r a t i c  f o rm  Q. h a s  r a n k  r ^  a n d  i f
/  = n ,  t h e n  t h e r e  e x i s t s  a n  o r t h o g o n a l  t r a n s f o r m a t i o n  X = CY
c h a n g i n g  e a c h  Q,  ̂ i n t o  a  sum o f  s q u a r e s  o f  t h e  f o l l o w i n g  f o r m ;
( t h a t  i s ,  no two Q. c o n t a i n  a  common v a r i a b l e  Y. ) «1 1 '
P r o o f ;  F o r  k = 1 t h e  t r u t h  o f  t h e  t h e o r e m  i s  e v i d e n t  s o  we 
s h a l l  a s sum e  i t  i s  t r u e  f o r  k -1  t e r m s  an d  t h e n  v e r i f y  i t  f o r  k 
t e r m s  and  t h u s  p r o v e  t h e  t h e o r e m  b y  i n d u c t i o n .  We f i r s t  a p p l y  
a n  o r t h o g o n a l  t r a n s f o r m a t i o n  X = C^Z t o  t h e  r i g h t  s i d e  o f
2 2 >  X. = Q . + . . . + Q ,  c h a n g i n g  Q. i n t o  X  %  Z . . T h i s  g i v e s  u s
^  ̂ ^   ̂ i T l ^  ^
J ~ (1 -  ( 2 - 3 )‘ y -  -L  X  X  ^  K
t I
w h e re  Q,  ̂ d e n o t e  t h e  t r a n s f o r m s  o f  r e s p e c t i v e l y ,
We now a s s e r t  t h e  ^  a r e  a l l  e q u a l  t o  1 ,  f o r  i f  we s u p p o s e  p o f  
them  a r e  d i f f e r e n t  f r o m  1 t h e n  t h e  r a n k  o f  t h e  l e f t  h a n d  s i d e  o f  
( 2 . 3 )  i s  n - r ^ + p ,  w h i l e  t h e  r i g h t  h a n d  s i d e  h a s  r a n k  a t  m os t  n - r ^ . 
However  t h i s  i s  i m p o s s i b l e  f o r  t h e  r a n k  o f  a  sum i s  l e s s  t h a n  o r  
e q u a l  t o  t h e  sum o f  t h e  r a n k s .  Hence a l l  t h e  3 ^  * s a r e  a l l  e q u a l  
t o  1 and  we h a v e
^ — 2 * ’ / X
Zf = Qg + . . .+ Q %  . ( 2 . 4 )
r^+1
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( 19)
Now Z L , . . . , Z  do  n o t  o c c u r  on t h e  l e f t  o f  ( 2 . 4 )  a n d  we m u s t  show
2t h e y  do n o t  o c c u r  on t h e  r i g h t .  S u p p o s e  t h e r e  o c c u r s " a  cZ^ i n  
Qg , w h e re  c> 0 ,  ( s i n c e ^ ^ X^^ i s  p o s i t i v e  s e m i - d e f i n i t e )  Now t h e
2 I I
c o e f f i c i e n t s  o f  i n  a r e  c e r t a i n l y  n o n - n e g a t i v e ,
an d  we s e e  t h a t  t h i s  c o n t r a d i c t s  ( 2 , 4 ) a n d  h e n c e  t h e  Z^ f o r  
i = 1 , . , , , r ^ ,  do  n o t  o c c u r  on t h e  r i g h t  h a n d  s i d e  o f  ( 2 . 4 ) .  S u p ­
p o s e  now t h a t  some Z ^ Z j ,  ( i / j )  f o r  i  = 1 , . . , , r ^ ,  j  = 1 , , , , , r ^ ,  
o c c u r s  on  t h e  r i g h t  o f  ( 2 , 4 )  We may t h e n  l e t  t h e  r e m a i n d e r  o f  
t h e  Z ’ s = 0 a n d  c h o o s e  Z^ p o s i t i v e  a n d  Z^ n e g a t i v e  an d  h e n c e  c o n ­
t r a d i c t  t h e  a s s u m p t i o n  o f  p o s i t i v e  s e m i - d e f i n i t e  q u a d r a t i c  f o r m s .  
Now s u p p o s e  t h a t  some Z^Z^,  f o r  i  = 1 , , , , , r ^ ,  j  = r ^ + 1 , , , . , n ,  
o c c u r s  on t h e  r i g h t  h a n d  s i d e  o f  ( 2 . 4 ) ,  A g a i n  we may l e t  t h e  r e ­
m a i n d e r  o f  t h e  Z ' s  = 0  a n d  c h o o s e  a  l a r g e  e n o u g h  n e g a t i v e  v a l u e  
f o r  Z^ so  t h a t  we c o n t r a d i c t  t h e  a s s u m p t i o n  t h a t  t h e  Q ^ ' s  w e re  
p o s i t i v e  s e m i - d e f i n i t e .  Hence ( 2 , 4 ) g i v e s  u s  a  r e p r e s e n t a t i o n
o f 2Z a s  a  sum o f  k -1  n o n - n e g a t i v e  f o r m s  i n  Z . , , , , , Z , 
i  ^
a n d  f r o m  t h e  i n d u c t i v e  a s s u m p t i o n ,  C o c h r a n ’ s Theorem  i s  v a l i d .  
T h e r e f o r e  t h e r e  e x i s t s  a n  o r t h o g o n a l  t r a n s f o r m a t i o n  i n  n - r ^  v a r ­
i a b l e s ,  r e p l a c i n g  Z , , , , , Z  b y  Y , , . , , Y  , s u c h  t h a tr  ix r  ̂  n
«2 =  «k  = . 2 Î  ? i  - ( 2 - 5 )
^1 a - ( r ^ _ ^ + . . , + r ^ + l )
I f  we c o m p l e t e  t h i s  t r a n s f o r m a t i o n  b y  t h e  r^  e q u a t i o n s f o r
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( 20 )
i  = we o b t a i n  a n  o r t h o g o n a l  t r a n s f o r m a t i o n  i n  n  v a r i a b l e s
o f  t h e  fo rm  Z = C^Y s u c h  t h a t  ( 2 . 5 )  h o l d s .  Now t h e  p r o d u c t  o f  two 
o r t h o g o n a l  t r a n s f o r m a t i o n s  i s  o r t h o g o n a l ,  a n d  f r o m  X = C^Z a n d  
Z = CgY, we o b t a i n  t h e  o r t h o g o n a l  t r a n s f o r m a t i o n  X = C^CgY w h i c h  
h a s  t h e  r e q u i r e d  p r o p e r t i e s  an d  o u r  t h e o r e m  i s  p r o v e d .
As a n  e x a m p le  o f  t h e o r e m  ( 1 3 )  l e t  u s  c o n s i d e r  t h e  f o l l o w i n g  
i d e n t i t y  (Lemma 1,  c h a p t e r  I I I )
—  2 = \ 2  - 2
n
w h e r e  X = l / n ^  X . . Any o r t h o g o n a l  t r a n s f o r m a t i o n  Y = CX, w h e r e  
i=1  ^
t h e  f i r s t  row o f  G i s
l / n ^ ,  1 / n ^ , . , . , 1 / n ^ ,  
w i l l  c h a n g e  t h e  f o r m
nX^ = ( X ^ /n ^  + X g /n ^  + . , . + X ^ / n ^ ) ^
d  2 2i n t o  Y, . Now i f  t h i s  t r a n s f o r m a t i o n  c h a n g e s  /  X. i n t o  Y. , 
 ̂ ±^1 ^  ^
^ O — p ^p
t h e n  i t  c h a n g e s  ( X . -  X) i n t o  /  Y. . Now t h e  r a n k  o f  nX i s  
c l e a r l y  1 ,  w h i l e  t h e  r a n k  o f  ^  ( X . -  X)^  i s  a t  m o s t  n -1  a s  s e e n  b y
n
t h e  l i n e a r  r e s t r a i n t  ^  (X^^- X ) = 0 .  But  f r o m  t h e o r e m  ( 1 1 )  we s e e
i  = 1
n 2
t h e  r a n k  o f  ^  ( X . -  X) i s  e x a c t l y  n -1  an d  h e n c e  C o c h r a n ' s  Theorem  
&  1
h o l d s  f o r  t h i s  e x a m p l e .  A ssu m in g  t h e  r e s u l t s  f o r  t h e o r e m  ( I 4 ) a n d
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( 2 1 )
i t s  C o r o l l a r y  we may w i s h  t o  t e s t  t h e  h y p o t h e s i s  
Ho: = 0 ,  f o r  i  =
We w i l l  t h e n  u s e  t h e  F - r a t i o
F .  _ ( 2 . 6 )
i=1  1
w h e re  ( 2 , 6 )  h a s  t h e  F d i s t r i b u t i o n  w i t h  1 an d  n -1  d e g r e e s  o f  f r e e ­
dom, i f  Ho i s  t r u e .  We n o te  t h a t  ( 2 , 6 )  i s  s i m p l y  t h e  s q u a r e  o f  t , 
w h e re
t  =
( X . -  x f / i 1 - 1 #
h a s  t h e  t  d i s t r i b u t i o n  w i t h  n -1  d e g r e e s  o f  f r e e d o m  i f  Ho i s  t r u e .  
Hence  ( 2 . 6 )  i s  e q u i v a l e n t  t o  t h e  c l a s s i c a l  t  t e s t .
THEOREM ( 1 4 ) L e t  X ^ , , . . , X ^  be n o r m a l l y  an d  i n d e p e n d e n t l y  
d i s t r i b u t e d  r andom  v a r i a b l e s ,  e a c h  w i t h  mean 0 an d  v a r i a n c e  1 ,  L e t
«1 ( 2 . 7 )
w h e r e  t h e  r a n k  o f  i s  n ^ .  Then  t h e  a r e  i n d e p e n d e n t l y  d i s ­
t r i b u t e d  w i t h  t h e  C h i - s q u a r e  d i s t r i b u t i o n  w i t h  n^ d e g r e e s  o f  f r e e ­
dom i f  and  o n l y  i f  n  = n^ + n^ + , , , +  n ^ .
P r o o f :  1)  N e c e s s i t y :  From t h e o r e m  ( 1 ) ,  0 ^ + . , , + % ^  h a s  t h e
C h i - s q u a r e  d i s t r i b u t i o n  w i t h  n . j + . , , + n ^  d e g r e e s  o f  f r e e d o m .  But  b y  
a s s u m p t i o n ,  i t  h a s  t h e  C h i - s q u a r e  d i s t r i b u t i o n  w i t h  n  d e g r e e s  o f  
f r e e d o m ,  ( d e f i n i t i o n  o f  C h i - s q u a r e )  Hence n ^ + . . , +  n^ = n ,
2 ) S u f f i c i e n c y :  S i n c e  n ^ + , , , +  n^  = n ,  t h e r e  e x i s t s  a n
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o r t h o g o n a l  t r a n s f o r m a t i o n  X * PY s u c h  t h a t
n i  n , + n «
«1 ■ Qg .   «S
1=1 n ^ + l  ^ 4 \1 n - ( n ^  ^ + , . « + n ^ - 1 )
From t h e o r e m  ( 1 2 ) ,  t h e  a r e  n o r m a l l y  a n d  i n d e p e n d e n t l y  d i s t r i b u t e d  
ran d o m  v a r i a b l e s  e a c h  w i t h  mean 0 a n d  v a r i a n c e  1 ,  Hence t h e  a r e  
i n d e p e n d e n t l y  d i s t r i b u t e d  a n d  e a c h  h a s  t h e  C h i - s q u a r e  d i s t r i b u t i o n  
w i t h  n^ d e g r e e s  o f  f r e e d o m .
COROLLARY (To Theorem  I 4 ) L e t  X ^ , . . . , X ^  be  i n d e p e n d e n t l y  and
n o r m a l l y  d i s t r i b u t e d  ra n d o m  v a r i a b l e s  e a c h  w i t h  mean 0 and  v a r i a n c e  
2
O’ . L e t  f o r  i  » 1 , . . . , s  b e  s q u a d r a t i c  f o rm s  i n  X ^ , . . . , X ^  w i t h
r a n k s  n^  r e s p e c t i v e l y ,  w h e re
8
2
Now
i=1
i f  n  = n .  + . . , +  n  , t h e n  ( n . / n . ) ( Q . / Q  . ) h a s  t h e  P d i s t r i b u t i o n
1 S j 1 1 j
w i t h  and  n  d e g r e e s  o f  f r e e d o m  r e s p e c t i v e l y *
2 2P r o o f :  Now X^/CT , . . .  a r e  n  i n d e p e n d e n t l y  a n d  n o r m a l l y
d i s t r i b u t e d  r an d o m  v a r i a b l e s ,  e a c h  w i t h  mean 0 an d  v a r i a n c e  1,
2 2H ence  , a n d  Q j / T  ( f o r  i  /  j )  a r e  i n d e p e n d e n t l y  d i s t r i b u t e d ,
e a c h  w i t h  t h e  C h i - s q u a r e  d i s t r i b u t i o n  an d  t h e  C o r o l l a r y  f o l l o w s  
a s  a  r e s u l t  o f  C h a p t e r  I .
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CHAPTER I I I
OHE FACTOR EXPERIMENT
We now c o n s i d e r  a  one f a c t o r  e x p e r i m e n t  w i t h  n o t  n e c e s s a r i l y
t h e  same num ber  o f  o b s e r v a t i o n s  o f  e a c h  o f  t h e  r a n d o m  v a r i a b l e s .
We f i t  t h i s  s p e c i f i c  m ode l  t o  t h e  i d e a l  F d i s t r i b u t i o n  a n d  r e j e c t
the  h y p o th e se s  i f  F>F^, where P(F>F^/H^) = oc.
L e t  , X g f . e . i X g  b e  s n o r m a l l y  a n d  i n d e p e n d e n t l y  d i s t r i b u t e d
2
r andom  v a r i a b l e s  w i t h  common v a r i a n c e  O' , L e t  X. h a v e  mean u .  f o r1 1
i  = 1 ,  2 , . . , , s .  7/e w i s h  t o  t e s t  t h e  h y p o t h e s i s
Ho: u^  ...........= Ug = u .  ( 3 . 1 )
S u p p o se  a  r andom  s a m p le  o f  s i z e  n  = n .  + n„  +n , w h e re  n .I S 1
i s  t h e  n u m b er  o f  o b s e r v a t i o n s  o f  r an d o m  v a r i a b l e  X . ,  L e ti  on.
be t h e  v a l u e s  o b t a i n e d  o f  t h e  X. r an d o m  v a r i a b l e .  L e t
_  ̂ ( 3 . 2 )
b e  t h e  mean o f  t h e  i ^ ^  s a m p l e .  L e t
n
w h ere  d e n o t e s  s u m m a t io n  o v e r  a l l  v a l u e s  o f  i ,  be t h e  t o t a l  m ean .
LEMMA ( 2 )  L e t  a ^ , . . . , a ^ ,  be  t  n u m b e r s ,  w h e re
a.| + 9,2 +a.|.
a .  =
i s  t h e i r  m ean .  Then
( 2 5 )
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( 2 4 )
5 7   ̂ = 5 7  -  â . ) ^  + t â . ^  ( 3 . 5 )
i ^ 1  ^  1
P r o o f  ; We h a v e
a . ^ = 7 > Y ( a . + â . - â , ) ^  = ^ ' ( a . - â . + 2 a .  5  ( a < - a . )  + t â . ^
^ i i r  ^ ^ 1=1 1
( 5 - 4 )
But
t _ ^  ^( a . —a * )  = /  a ,  — ^  a .  = 0»i = i  ^ 1=1 ^ 1=1 1
Hence  t h e  s e c o n d  t e r m  on t h e  r i g h t  o f  ( 5 » 4)  i s  0 ,  w h i c h  p r o v e s  ( 5 . 3 ) *
C o n s i d e r i n g ^  a n d  a p p l y i n g  Lemma ( 2 ) ,  we o b t a i n  
J ^ J
Z T / i /  -  Z ^ ( X i j - : i - ) "  + V f "
N ote  t h a t  ( 5 * 1 )  d e f i n e s  a  p o i n t  I n  t h e  s a m p le  s p a c e ,  b u t  we a r e  now 
s p e a k i n g  o f  t h e  a g g r e g a t e  o f  a l l  s u c h  p o s s i b l e  p o i n t s  a n d  h e n c e  a  
r an d o m  v a r i a b l e .  T h i s  I s  t h e  r e a s o n  we hav e  c h a n g e d  t o  c a p i t a l  X ' s ,  
T h e r e f o r e
1 j  1 j
A p p l y i n g  Lemma ( 2 )  t o  t h e  s e c o n d  t e r m  on t h e  r i g h t  o f  ( 5 * 4 )  we o b t a i n
5 7 n . X . . ^  = ]> " n , ( X . . " X , . ) 2  + n X . , 2  1 1 ^T- 1 1
•* 2
( c o n s i d e r i n g  n_X^.  a s  a  sum o f  n̂  ̂ q u a n t i t i e s ) .  
Hence  we now hav e
2 1  Jju " 2 Z TiHf
i  J 1 0 1
( 5 . 6 )
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L e t  E (X ^ _ )  = a n d  1 / i ^ ^ n . n ^  -  u  t h e n  (X ^ ^ -  ) = ( 3 \ . -  u ^ )  -  (X^ - t L )
and
= Z  2 T ( \ r  " i ) '  " i ) !  ( 5 . 7 )
3 j  i  j
From o u r  a s s u m p t i o n s ,  E ( X ^ j  -  u ^ ) ^  = CT^ i n d e p e n d e n t  o f  i  an d  j .
S i n c e  = < T ^ /n .  we o b t a i n  f r o m  ( 5 - 7 ) »
i .
Now
- " X x  - u ) ^  ( 5 . 8 )X I *  » *
Now
(X. - u ) ^  = (X. - u . ) ^  + ( u . - u ) ^  + 2(X ,  - u . ) ( u . - u )X # X # X X X # X X
Hence
E(X .  - u ) = E(X.  - u )  + ( u . - u )  + 2 ( u , - u )E(X .  - u . )
X # X  # X X X * X
= c r^ /n ^  + (u ^  -% )^  ( 5 . 9 )
T h e r e f o r e  f r o m  ( 5 * 8 )
.2 _ 2
E l ^ n f C X f  -  = s<r^
= ( s  - I ) f 2  + ^ n  ( u  -  u ) ^  ( 5 . 1 0 )
Now E r ^  2$^ (X. . -  X. ) \  i s  a n  u n b i a s e d  e s t i m a t e  o f  ( n  -  s)C7'
L i  3 J
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r e g a r d l e s s  o f  a n y  h y p o t h e s i s  a b o u t  u ^ .  However  ( ) . 1 0 )  g i v e s  a n  u n -
2b i a s e d  e s t i m a t e  o f  ( s  -  1 )t  o n l y  i f  u^ u ^ .  Hence i t  a p p e a r s
t h a t  t h e  r a t i o
I ' L ) ^
i  j  J
w i l l  t e n d  t o  be  l a r g e  i f  t h e  a b o v e  h y p o t h e s i s  c o n c e r n i n g  t h e  u * s  
i s  f a l s e .  We w i l l  now show t h a t  t h e  P r a t i o  d e f i n e d  b y  ( 3 . 1 1 )  h a s  
t h e  F d i s t r i b u t i o n  d e f i n e d  i n  C h a p t e r  I .  We f i r s t  s u b s t i t u t e  
X. . -  u .  f o r  X. . i n  ( 5 . 6 ) .  T hen
3. J  3. 1 J
Ç  ^  - "i)" = H  z  ( X i j  -  X i . ) "
3 - J  3 . J
+ n(X + u ) 2 ,  ( 3 . 1 2 )
w h e r e  u  = 1 / n S  n . u .  we now l e ti  i . \
^  ^ ( % i j  -  = Qi o f  r a n k  r^
— — 2n . ( X .  -  X - u . + u )  = Qg o f  r a n k  r „
■ 1 . 1  #  # * 3 . "  "
— 2n(X -  u )  = Q, o f  r a n k  r ,* • J J
Q. i s  a  sum o f  s q u a r e s  o f  l i n e a r  f o r m s  L . ,  = (X, . -  3C. ) .  I t
1 X J  1 J  1 .
i s  s e e n  t h a t  b e t w e e n  t h e  L. . t h e r e  a r e  s i n d e p e n d e n t  l i n e a r  r e s t r a i n t s
3 . J
T ~ L . . = 0 ,  f o r  i  = 1 , . . . , 8 .  Hence we may w r i t e  Q. a s  a  q u a d r a t i c
.  3 . J
f o r m  i n  ( n  -  s )  l i n e a r  f o r m s  ( i n d e p e n d e n t )  a n d  t h u s  t h e  r a n k  o f  
i s  a t  m o s t  n  -  s .
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
(27)
Q_ is  a sum o f squares o f s l in e a r  forms L. = (n . )® (X .  -  % -u .+ u )d. X x X « « « x
w h i c h  s a t i s f y  t h e  i d e n t i t y  = 0 .  Hence  t h e  r a n k  o f  Qg
a t  m o s t  8 -  1 .  The r a n k  o f  i s  o b v i o u s l y  1•  But
( n  -  s )  + (a  -  1 ) + 1 = n .
I t  f o l l o w s  f r o m  ( 3 . 1 2 )  a n d  t h e o r e m  (11 ) t h a t  r..j = n -  s ,  r g  = s - 1
a n d  r ^  = 1 ,  How i f  u^=  U g = , . . . , = u ,  t h e n  t h e  q u a n t i t i e s  (X_j  -  u )
a r e  n o r m a l ,  mean 0 ,  a n d  i n d e p e n d e n t l y  d i s t r i b u t e d  w i t  A common v a r -  
2
i a n c e  7  . Hence f ro m  C o c h r a n ' s  Theorem
h a s  t h e  P d i s t r i b u t i o n  w i t h  n  -  s an d  s -  1 d e g r e e s  o f  f r e e d o m .
S u p p o se  t h a t  t h e  q u a n t i t i e s  u ^ -  u  a r e  n o t  a l l  e q u a l  t o  0 .  Then
2 ,_2y  n_ (X ^ -  X ) /<T d o e s  n o t  h a v e  t h e  C h i - s q u a r e  d i s t r i b u t i o n ,  w h i l e
2 2 '̂1 ,
Z y T * ( x .  . -  X. ) /  = r r 2  = Q, s t i l l  h a s ,  f o r  i f  we a p p l y  Lemma1 n X # *
1 0  
(2 ) ,
- i ) "  -  " i ) "
0 0
_ M 2
= + n^(X^^ -  Uj^) . ( i  = 1 , . « . , s )
The r a n k  o f  Q,  ̂ i s  a t  m o s t  n ^ - 1 ,  b u t  f r o m  t h e o r e m  ( l l ) ,  h a s  
e x a c t l y  r a n k  n ^ - 1 .  Hence f ro m  C o c h r a n ' s  Theorem  a n d  i n d e p e n d e n c e  
o f  t h e  X. . i t  f o l l o w s  t h a t
1 J
h a s  t h e  C h i - s q u a r e  d i s t r i b u t i o n  w i t h  n - s  d e g r e e s  o f  f r e e d o m
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
(28)
r e g a r d l e s s  o f  a n y  h y p o t h e s e s  c o n c e r n i n g  t h e  u ^ ' s .
S u p p o s e  t h a t  we r e j e c t  t h e  h y p o t h e s i s  u ^ = , , . . ,  = u .  We may
t h e n  be i n t e r e s t e d  i n  t e s t i n g  w h e t h e r  t h e r e  i s  a  d i f f e r e n c e  i n  t h e
means  o f  t h e  i * ^  an d  c l a s s .  I f  X ' = ^ i  i .  ^  ^.1 , i . t h e n  c o n s i d e r
n^+n^
n (X -X f  + n  (X -X f  = n  (X -X f1 1 *  J J # # # 1 1 * # #
+ n , ( X .  -X ) + ( n . + n . ) ( X  -X )J J » . »  x j  •«
+ 2n (X.  -x')(x'-% )
X J.  # * •
+ 2 n . ( X .  - x ' ) ( x ’ -X ) .
J  J  •  •  •
( 5 . 1 3 )
The f o u r t h  a n d  f i f t h  t e r m s  on t h e  r i g h t  o f  ( 3 . 1 5 )
"  2 -  % . . )  -  W  + n p x ’ ( x '  -  X__)]
.  a f c ' C t l j + t i j )  -  ( n ^ + n j ) x ' ]  ( x '  -  X )j
= 0 .
Hence
Now
n (X -X f  + n  (X -X f  = n  (X - x ' ) ^  + n  (% - x ' ) ^
1  1 "  * # J  J  * * # l i e  J  J  #
+ ( n  +n ) ( x ' - X  f
±  J  #  *
+ ( n . + n . ) ( x ' - X  f .
X J  •  •
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Hence
+ n , ( Î ,  - x ' ) 2  + ( n , + n , ) ( x ' - x  + n ( î  -u)^1 1 # 1 J # # # #
( 5 .1 4 )
S i n c e
we s e e  t h e  r a n k  o f  t h e  t h i r d  a n d  f o u r t h  t e r m s  on  t h e  r i g h t  o f
( 3 . 1 4 ) i s  1 ,  The r a n k  o f  t h e  q u a d r a t i c  f o rm  c o n s i s t i n g  o f  t h e  
s e c o n d  a n d  f i f t h  t e r m s  i s  a t  m o s t  s - 2  f o r  i t  c o n s i s t s  o f  a  sum 
o f  8-1  s q u a r e s  and  i s  s u b j e c t  t o  1 l i n e a r  r e s t r a i n t .  The r a n k  
o f  t h e  s i x t h  t e r m  i s  c l e a r l y  1 ,  Hence f ro m  C o c h r a n ' s  T h e o re m ,
1 n . + H j  a ,
h a s  t h e  P d i s t r i b u t i o n  w i t h  1 a n d  n - s  d e g r e e s  o f  f r e e d o m ,  How 
i s ,  a s  we h a v e  s e e n  b e f o r e ,  n o t  a f f e c t e d  i f  u^  /  u ^ ,  C o n s i d -
2
e r i n g  (X. - X .  ) we s e e  - 1 . J . '
E(X. " 1  ̂ -  (%u. -  " j )  1- ( " 1 -
= Cr / n , + CT / n . + 0 + 0 + 0 + ( u . — u . ) ̂ i   ̂ J '  1 j '
. ( " i "  ” 1^  + ( “ i  + n j ) ^ .
* i * j
2
Now i f  u .  d i f f e r s  s u b s t a n t i a l l y  f r o m  u . ,  ( u .  - u . )  w i l l  becomeX J X J
l a r g e .  Hence  we may u s e  t h e  a b o v e  s t a t i s t i c  t o  t e s t  t h e  h y p o ­
t h e s i s  u .  = u . ,
1 J
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CHAPTER IV
LIKELIHOOD RATIO TEST FOR LINEAR HYPOTHESES
We now c o n s i d e r  l i k e l i h o o d  r a t i o  t e s t s  a n d  l e t  X = ( X ^ , . . . , X ^ )  
be  a  v a r i a b l e  v e c t o r  w hose  d i s t r i b u t i o n  f u n c t i o n  we d e n o t e  b y
f ( X j  0 ^ ,  • t ( 4 *1 )
d e p e n d i n g  u p o n  k p a r a m e t e r s  L e t  XI be  t h e  s p a c e  o v e r
w h i c h  t h e s e  p a r a m e t e r s  r a n g e . L e t  be  a  s a m p le  o f  s i z e
n  f ro m  a  p o p u l a t i o n  w i t h  d e n s i t y  g i v e n  b y  ( 4 , 1 ) ,  On t h e  b a s i s  o f  
t h i s  s a m p l e ,  we may w i s h  t o  t e s t  t h e  n u l l  h y p o t h e s i s
Ho: ( f ( X ;  0 ^ , , . . , 0 ^ )  w h e re  ( 6 ^ , . , . , 0 ^ ) E ^ a n d < ^ ^ : . r i
D e f i n e  t h e  l i k e l i h o o d  o f  t h i s  s a m p le  a s
» • • • ( 4 , 2 )
A
L e t  L ( n )  b e  t h e  maximum v a l u e  o f  t h e  l i k e l i h o o d  f o r  t h e  p a r a m e t e r s  
v a r y i n g  o v e r  t h e  e n t i r e  p a r a m e t e r  s p a c e .  S i m i l a r l y ,  l e t  t h e  m a x i ­
mum v a l u e  o f  t h e  l i k e l i h o o d  u n d e r  t h e  n u l l  h y p o t h e s i s  b e  L ( J  ) w h e re  
t h e  p a r a m e t e r s  now v a r y  o v e r  t h e  s u b s p a c e  vu. The l i k e l i h o o d  r a t i o  
i s  d e f i n e d  a s  t h e  q u o t i e n t  o f  t h e s e  two maxima a n d  i s  d e n o t e d  b y
A -  . ( 4 . 5 )
L ( ü )
The l i k e l i h o o d  r a t i o  t e s t  r e j e c t s  Ho i f  w h e re  i s  c h o s e n
s o  t h e  p r o b a b i l i t y  o f  a n  e r r o r  o f  t h e  f i r s t  k i n d  = (X.
GENERAL UNIVARIATE HYPOTHESIS
A s s u m p t i o n s  :
1 ) Y^ a r e  n o r m a l l y  an d  i n d e p e n d e n t l y  d i s t r i b u t e d  w i t h  com­
mon v a r i a n c e ;
( 5 0 )
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2)  The a r e  l i n e a r  f u n c t i o n s  o f  p p a r a m e t e r s  
’ * * * ’ ®p* (p  ~
Now
P
^4 “ ^ ( i  = n )  ( 4 *4 )
I n  m a t r i x  n o t a t i o n  we w r i t e  U = GB w h e re  t h e  r a n k  o f  G = p .
We may e l i m i n a t e  t h e  f ro m  ( 4 . 4 ) s i n c e  p ^ n .  The s e c o n d
a s s u m p t i o n  i s  e q u i v a l e n t  t o  t h e  a s s u m p t i o n  t h a t  t h e  u^ s a t i s f y
n  -  p l i n e a r l y  i n d e p e n d e n t  r e s t r i c t i o n s ,  
n_
. u .  = 0 ,  (k  = 1 , . « . , n - p )' k i  i1 = I
w h e re  t h e  r a n k  o f  ( = n - p .
The h y p o t h e s i s  we w i s h  t o  t e s t  i s  t h a t  t h e  B^ s a t i s f y  s f u r t h e r
i n d e p e n d e n t  l i n e a r  r e s t r i c t i o n s .
P
Ho: k .  .B. = 0 ( i  = 1 , . . . ,  s )  w h e re  s ^  p ( 4 » 5 )
j=1 J
( N o te  t h a t  we may w r i t e  t h e  h y p o t h e s i s  d e f i n e d  b y  ( $ . 1 )  o f  C h a p t e r  
I I I  i n  t h i s  f o r m .  L e t
= *11 = *21 = * ‘ * = * n ^ 1 ,
" 2  = *^2  = " 2 2  = = " n 2 2 ,
*8  '  *18  -  * 2 s  -  -  * n  8 .s
Then
Ho: Ug-Ui = Ug-ug = . . .  = UgUs_i = 0 ,
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w h i c h  c l e a r l y  i m p o s e s  s - 1  l i n e a r  r e s t r a i n t s  on  t h e  u ’ s . )
E l i m i n a t i n g  t h e  B. f r o m  ( 4 * 4 )  a n d  ( 4 , 5 ) ,  t h e  h y p o t h e s i s  may
J
he  w r i t t e n
= 0 .
Hence t h e  r a n k  o f
1 • ^ 1 n
"Xn-p,1 . . ^ n - p , n
^11 * '  * * ^ 1 n
( 4 . 6 )
'  '  '  f s n
i s  n - p + s .  From t h e  f i r s t  a s s u m p t i o n ,  t h e  j o i n t  d e n s i t y  f u n c t i o n  o f  
i s  g i v e n  by
Q(y) =
1 ^  ( y ^ -  u . ) -ex p  - 2- ( 4 . 7 )
The l i k e l i h o o d  r a t i o  t e s t  s a y s  t o  m ax im iz e  ( 4 * 7 )  u n d e r  b o t h  
h y p o t h e s e s ,  f o rm  t h e  r a t i o  o f  t h e s e  maxima an d  r e j e c t  t h e  n u l l  
h y p o t h e s i s  a t  some l e v e l  o f  s i g n i f i c a n c e .  To do t h i s  we u t i l i z e  
t h e  m o n o t o n i e  p r o p e r t y  o f  t h e  n a t u r a l  l o g a r i t h m  f u n c t i o n  a n d  h e n c e  
m a x i m i z i n g  ( 4 * 7 )  i s  e q u i v a l e n t  t o  m a x i m i z i n g  i t s  l o g a r i t h m .
l n Q ( y )  .  k  -  n l i C ^ / 2  ( y . - ( 4 . 8 )
i  = 1
w h e re  u ^ ^  i s  u^ u n d e r  t h e  n u l l  h y p o t h e s i s .  T a k in g  t h e  p a r t i a l
d e r i v a t i v e  w i t h  r e s p e c t  t o  
s i m u l t a n e o u s l y  we o b t a i n ,
and  u ^ ,  e q u a t i n g  t o  0 ,  a n d  s o l v i n g
-  i ( y i -  = V “ ’
1=1
( 4 . 9 )
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w h e r e  u .  i s  t h e  l i k e l i h o o d  e s t i m a t e  f o r  u .  u n d e r  t h e  n u l l  h y p o -lO 1
t h e s i s .  I n s e r t i n g  t h e s e  v a l u e s  i n  ( 4 * 7 )  we o b t a i n  t h e  maximum 
u n d e r  S o ,
S i m i l a r l y  t h e  maximum u n d e r  t h e  a l t e r n a t e  becom es  
n
w h e re  Q = ^  ( y . -  u .  a n d  u .  i s  t h e  l i k e l i h o o d  e s t i m a t e  f o ra  1 la , '  l a
u^ o b t a i n e d  u n d e r  t h e  a l t e r n a t e  h y p o t h e s i s .  Hence t h e  maximum 
l i k e l i h o o d  r a t i o  o f  ( 4 , 3 ) becom es
( 2 n Q ^ n ) " / ^  ( Q a ) " / Z
( 2 * Q ^ / n ) " / 2  •
Hence t h e  p r o b le m  h a s  b e e n  r e d u c e d  t o  m i n i m i z i n g  ( u n d e r  b o t h  
h y p o t h e s e s ) ,
Z ( y i -  “ i ) ^  =  ( 4 . 1 0 )
x=1 i = t
To m i n i m i z e  ( 4 . I O )  we c o n s i d e r  t h e  f o l l o w i n g  r e l a t i o n  i n  m a t r i x  
n o t a t i o n
Y = XB + e ,
w h e r e  Y i s  a  c o lu m n  v e c t o r  o f  n  c o m p o n e n t s ,  X i s  a n  nxp  m a t r i x ,
c o n s i s t i n g  o f  t h e  g . . ' s  i n  ( 4 , 8 ) ,  B i s  a  c o lu m n  v e c t o r  o f  p com-
^ J
p o n e n t s  and  e i s  a  c o lu m n  v e c t o r  o f  n  c o m p o n e n t s .  F u r t h e r ,  t h e
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e ^ * s  a r e  n o r m a l l y  a n d  i n d e p e n d e n t l y  d i s t r i b u t e d  a r o u n d  a  m ean  o f
2
z e r o  a n d  a  v a r i a n c e  ^  . The sum o f  s q u a r e s  w h i c h  i s  t o  be  m i n i ­
m iz e d  i n  ( 4 » 1 0 )  i s
e ’ e = (Y -  X B )’ ( y -  XB)
I I t  t I t
= Y Y - B X Y - Y X B  + B X X B
= y ' y -  2y ' xB + b ' x ’x b ,
I I
s i n c e  B X Y i s  a  s c a l e r  m a t r i x  a n d  e q u a l  t o  i t s  t r a n s p o s e .  
D i f f e r e n t i a t i n g  w i t h  r e s p e c t  t o  e a c h  B^,  we o b t a i n  t h e  e q u a t i o n s
I A I
X XB = X Y.
I
L e t t i n g  X X = S , we o b t a i n
SB = X*Y. ( 4 . 1 1 )
Now S i s  n o n - n e g a t i v e  s i n c e  a n y  q u a d r a t i c  f o rm  u * S u  = (uX) (uX) 
c a n n o t  b e  n e g a t i v e .  I f  S i s  n o n - s i n g u l a r , t h e n
B = S ' ^ x ' Y .  ( 4 . 1 2 )
Now
E ( b ) = E(S~Tx*Y)  = e [ s " ^ x ' ( XB )  + e j
= E (S "^S B  + S“ ^Xe)
= B.
A
Hence  t h e  B^*s a r e  u n b i a s e d .  The v a r i a n c e - c o v a r i a n c e  m a t r i x  o f  
t h e  e s t i m a t e s  i s
e [ ' ( b - b ) ( b - b )] = e ^ ( s " ^ x ' y - b ) ( s " ^ x ' -  B)^J
= E^(s"^X*XB + S - ^ x ' e  -B) (S"^X*XB + S“ ^ x ' e  -  B^  
= E ^ ( S " ^ x ' e ) ( S ” ^ x ’ e ) ^
= E ( S ’ ^ x ' e e » X S ” ^ ) ( S i n c e  X*X i s  s y m m e t r i c )
= S ” ^X*Cr^XpXS''^ ( i p  i s  t h e  pxp  i d e n t i t y  m a t r i x )
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= ' r ^ s " ^ x ' x s ” ^
= —
To p r o v e  t h e  e s t i m a t e s  a r e  h e s t  l i n e a r  u n b i a s e d  e s t i m a t e s ,  we 
u s e  t h e  f a c t  t h a t  i f  l i n e a r  f u n c t i o n s  AY a r e  t o  e s t i m a t e  B u n b i a s -  
e d l y ,  t h e n
E(AT) = E(AXB + Ae) = B, 
b u t  t h e n ,  t h e  m a t r i x  A m u s t  be s u c h  t h a t ,  AX = I*  The m a t r i x  
(S +B) w i l l  s a t i s f y  t h i s  r e l a t i o n  i n  p l a c e  o f  A, i f  BX = 0 ^ ,  
w h e re  0^ i s  t h e  pxp  z e r o  m a t r i x .  Hence (S~ X + B)Y i s  a n  a r b i t r a r y  
u n b i a s e d  e s t i m a t o r  o f  B, s u b j e c t  t o  t h e  c o n d i t i o n s  o n  B. The 
v a r i a n c e - c o v a r i a n c e  m a t r i x  i s
E (S “ ^ x ’ + B ) e e « ( X S ”  ̂ + b ’ ) = £ T ^ ( s “ ^ x ’ + B(XS"^ + B*)
2 , - 1  _1 I 0 t .
= <r (S + X  X B  + BXS + BB )
Now t h e  i ^ ^  d i a g o n a l  e l e m e n t  o f  BE i s  t h e  sums o f  s q u a r e s  o f  t h e
i ^ ^  row  o f  B and  h e n c e  i s  p o s i t i v e  u n l e s s  a l l  t h e  e l e m e n t s  a r e  z e r o .
T h e r e f o r e  a n y  u n b i a s e d  l i n e a r  e s t i m a t e  o f  e a c h  B^ o t h e r  t h a n  t h e  one
o b t a i n e d  i n  ( 4 . 1 2 )  h a s  a  g r e a t e r  v a r i a n c e .
n
S u p p o se  we hav e  a  l i n e a r  f u n c t i o n  a . 0 .  o f  p a r a m e t e r s  jZ). .
i=1 1 ^ ^
c ~To f i n d  t h e  b e s t  l i n e a r  u n b i a s e d  e s t i m a t e  f o r  \ a.jZ).,  we m u s t
e s t i m a t e  t h e  é .  i n  o r d e r  t o  m i n i m i z e  ' a . 0 . .  Now t o  m i n i m i z e  t h e
v a r i a n c e  o f  a  l i n e a r  f u n c t i o n ,  i t  i s  s u f f i c i e n t  t o  m i n i m i z e  t h e  
v a r i a n c e s  o f  e a c h  i n d i v i d u a l  t e r m  o f  t h e  f u n c t i o n .  ( T h a t  i s ,  i n
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n  d i m e n s i o n a l  s p a c e ,  we a r e  f i n d i n g  t h e  minimiam o f  a  h y p e r ­
p a r a b o l o i d . )  Hence  we o b t a i n
i=1
w h i c h  s a y s  t h e  b e s t  l i n e a r  u n b i a s e d  e s t i m a t e  o f  a  l i n e a r  f u n c t i o n
o f  t h e  p a r a m e t e r s  i s  t h e  same l i n e a r  f u n c t i o n  o f  t h e  e s t i m a t e s  o f
/\ /
t h e  p a r a m e t e r s .  H ence  i f  a r e  t h e  maximum l i k e l i h o o d
e s t i m a t e s  o f  E y , . . . , B p ,  t h e n  t h e  q u a d r a t i c  f o r m  o f  ( 4 . I O )  i s  m i n -  
m iz e d  i f  we p u t
« a  -  ^ ( ^ 1 -  8 1 A -  - S p i® P ^ -  ( 4 . 1 5 )
2 A 2
The maximum l i k e l i h o o d  e s t i m a t e  f o r  O' i s  t h e n  (T = Qg/n*
L e t  be  t h e  minimum o f  ( 4 * 7 )  o b t a i n e d  u n d e r  t h e  r e s t r i c t i o n s  
o f  ( 4 . 5 ) a n d  Q,  ̂ b e  t h e  minimum o f  ( 4 . 7 )  u n d e r  ( 4 . 4 ) .  Hence we s e e
« n i  ■ ( A f "  « ^ 1  - f e f s f  ■
T h e r e f o r e  ( 4 * 5 )  b eco m es
w h i c h  i s  e q u i v a l e n t  t o
( r e j e c t  i f  A ( 4 . 1 4 )
Q — Q
F = "" * ( r e j e c t  i f  F>F^)  ( 4 , 1 5 )
s i n c e  P i s  a  m o n o t o n i c a l l y  d e c r e a s i n g  f u n c t i o n  o f  A ,  w h e re  
P ( P  Sk F ^ / ( 4 « 5 ) )  We now d e r i v e  t h e  d i s t r i b u t i o n  o f  ( 4 . 2 5 ) a n d
show t h a t  i t  h a s  t h e  F d i s t r i b u t i o n  w i t h  s a n d  n - p  d e g r e e s  o f  f r e e ­
dom r e s p e c t i v e l y .
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n
LEMMA ( 5 )  L e t  °  ( i  = ( 4 . 1 6 )
j=1 ^
be  k  l i n e a r l y  i n d e p e n d e n t  r e s t r i c t i o n s  on t h e  v a l u e s  u ^ , , . , , u ^ .  
Then t h e r e  e x i s t s  a  s y s t e m  o f  r e s t r i c t i o n s
j U j  = 0 , ( i  = 1 ; . . . * k )  ( 4 . 1 7 )
s u c h  t h a t  t h e  r e s t r i c t i o n s
a r e  e q u i v a l e n t  t o  t h e  r e s t r i c t i o n s  
n
£ L.  . u . — Oj ( i  = 1 — k )
j=1 ^  ^
a n d  s u c h  t h a t  t h e  ro w s  o f  t h e  m a t r i x  B = ( b .  . )  a r e  o r t h o g o n a l .
( T h a t  i s ,  2 Z ^ i p ^ j p  = S j ^ j . )  ( 4 . 1 8 )
^ 1iP r o o f :  L e t  b^ . -   ôTT”  ( n o r m a l i z e )
V
L e t  bg^  = a g ^  w h e re  X =  ^  ^ti^2i* h a v e  c h o s e n  X s o  t h a t
bg  and  b^ a r e  o r t h o g o n a l .  Hence ^  b ^ i ^ 2 i  “ ^  ^ 1 i ^ 2 i  L e t
*  , f ' ^ —  * 2 ^^ «V—  *2
2 i  “ "*̂2 r   b g j j  » w h i c h  we may do s i n c e  2  Lg^ >  0 , o r  e l s e
J D
we c o n t r a d i c t  t h e  i n d e p e n d e n c e  o f  t h e  s y s t e m  d e f i n e d  b y  ( 4 , 1 6 ) ,  Now 
t h e  s y s t e m s  d e f i n e d  b y  ( 4 . 1 6 ) an d  ( 4 . I 7 ) a r e  e q u i v a l e n t  f o r  i  = 1 , 2 , 
S u p p o s e  now t h a t  we h a v e  c o n s t r u c t e d  a  s y s t e m
b^^Up^ = 0 , ( i  = 1 , , , . , m < k )
f u l f i l l i n g  ( 4 . 1 8 ) ,  w h i c h  i s  e q u i v a l e n t  t o  y  a .  u ^  = 0 , w h e re
o<
i  = 1 , , , , , m < k ,  We l e t
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^m+1« ,is=1 ’
w h e r e
X i  = ( j  1 , . . . , m )
Then
^m+1(X^ jcc ~ ^  ^m+1cx^ jo< "  ^ z ~  jo(
= Ç \ + 1  t j * -  \  ( j  = 1 , . . . , m )
= 0 ,
2bm^1j ^ > 0 , o r  a g a i n  
t h e  l i n e a r  i n d e p e n d e n c e  o f  ( 4 . 1 6 )  i s  c o n t r a d i c t e d .  L e t
tm +1 -  V l « / ( 2 I '>m +1« ) ' '  ( n o r m a l i z e d )
'  Ot '
Hence f r o m  o u r  i n d u c t i o n  p r i n c i p l e ,  we may c o n t i n u e  t h i s  p r o c e s s  
u n t i l  a l l  k ro w s  o f  B = ( b ^ ^ )  a r e  o b t a i n e d ,  ( T h i s  i s  t h e  Gram- 
S c h m i d t  O r t h o g o n a l i s a t i o n  P r o c e s s . )
A p p l y i n g  t h i s  lemma t o  t h e  r e s t r i c t i o n s  im p o se d  on t h e  u*d b y  
( 4 * 5 )  an d  ( 4 . 4 ) ,  we may now assum e  t h a t  we h a v e  f o u n d  a n  o r t h o ­
n o r m a l  b a s i s  f o r  t h e  s u b s p a c e  o f  V ^ (P )  s p a n n e d  b y  t h e  n - p + s  
l i n e a r l y  i n d e p e n d e n t  row v e c t o r s  o f  ( 4 , 6 ) ;  w h e re  V ^(P)  i s  a n  
n - d i m e n s i o n a l  v e c t o r  s p a c e  d e f i n e d  o v e r  a  f i e l d  F .  T h a t  i s ,
^Z-Xioc. “ 5Z^(^io< (^jcx ~ ^ i  j
(X (X
a n d
^ I P i o c  = 0 .
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Now i f  p > s  we f o r m  a d d i t i o n a l  row s  o f  t h e  f o r m  » * ^ i 2 ’ * * * ’ ^ n *  
w h e r e  i  = w h i c h  i s  p o s s i b l e  s i n c e  we may c h o o s e  a n  o r t h o -
n o r m a l  b a s i s  f o r  T ^ ( P ) .  T h e r e f o r e  we may a s su m e  t h a t
• • ' \ n
^ ~ p 1 \  '^ n - p n
P11 * • 'P i n
P s i  * • •P s n
• 'î 'm
L 'T p-si 'p - s iv
i s  a n  o r t h o g o n a l  m a t r i x .
Now we p u t  
*
1 
*
^n-p+k
*
^n-p+s+m
*
(X
oc
h - p + 2
( 4 . 1 9 )
L e t  E ( y ^ )  = û  ̂ a n d  t h e n
J
n - p + s + T
J
Then  s i n c e  t h e  m a t r i x  ( 4 . 1 9 )  i s  o r t h o g o n a l
2 Z ( y « x * '  ^ ) ^  = ( y *  -
( i  = 1 , . . . , n - p )  
( k  — 1 ; . . . * s )
(m = 1 , , . . , p - s )
( 0( — 1 ; . .  .  J n~p  )
( 4 " =  "1 )» » . )S )
( ^  — 1 > * * .» P ” s )
( 4 . 2 0 )
Now t h e  (yr<- u^^J a r e  n o r m a l l y  a n d  i n d e p e n d e n t l y  d i s t r i b u t e d  w i t h
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( 4 0 )
2
mean. 0 an d  common v a r i a n c e  CT .
*
The a s s u m p t i o n s  s t a t e  t h a t  t h e  = 0 f o r  o(= 1 , , . . , n - p .
Hence
The h y p o t h e s i s  s t a t e s  t h e  u*  = 0 ,  f o r c f =  1 , . , , , n - p + s .
Hence
i M + s  *2 n ^ s  *
Q = o r  Q -  Q = .
cx=1 <x^n=p+1
2Hence i s  t h e  sum o f  n - p  i n d e p e n d e n t  s q u a r e s  an d  Q^/CT h a s  t h e  
C h i - s q u a r e  d i s t r i b u t i o n  w i t h  n - p  d e g r e e s  o f  f r e e d o m .  S i m i l a r l y ,  
(Qj . -  Qg^)/(T h a s  t h e  C h i - s q u a r e  d i s t r i b u t i o n  w i t h  s d e g r e e s  o f
2f r e e d o m  a n d  i s  i n d e p e n d e n t l y  d i s t r i b u t e d  f ro m  CT i f  t h e  n u l l  
h y p o t h e s i s  i s  t r u e .  Hence
_ %.» -  %
F n - p  " r  "a
« a  ’
h a s  t h e  F - d i s t r i b u t i o n  w i t h  s and  n - p  d e g r e e s  o f  f r e e d o m  r e s p e c t i v e l y ,  
S u m m a r i z in g  t h e  r e s u l t s  o f  t h i s  c h a p t e r  we h a v e ;
THEOREM ( 1 5 ) L e t  b e  n o r m a l l y  a n d  i n d e p e n d e n t l y
2
d i s t r i b u t e d  random  v a r i a b l e s  w i t h  common v a r i a n c e  CT" and  means  
u _ , . , . , u ^  r e s p e c t i v e l y .  S u p p o s e  t h e  s a t i s f y  t h e  i n d e p e n d e n t  
r e l a t i o n s
^  ^ ' e f ’“ 0 ,  ( i  = ( 4 *2 1 )
a
To t e s t  t h e  h y p o t h e s i s  t h a t  t h e  u,^ s a t i s f y  c e r t a i n  o t h e r  r e l a t i o n s  
i n d e p e n d e n t  f r o m  t h o s e  o f  ( 4 . 2 1 )  a n d  i n d e p e n d e n t  o f  e a c h  o t h e r ,
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^  ^ ^ n , = 0 ,  ( i  = 1 j « » » j S j s ^ p )  ( 4 « 2 2 )
oc
we fo rm  t h e  r a t i o
F = “ ^""q— ^  * ( 4 . 2 5 )
w h e r e  i s  t h e  minimum, w i t h  r e s p e c t  t o  u^^ , o f  ^  -  u * ) ^
u n d e r  ( 4 . 2 1 ) a n d  i s  t h e  minimum, w i t h  r e s p e c t  t o  u ^  , o f
-  ^ « ) ^  u n d e r  ( 4 . 2 1 )  a n d  ( 4 . 2 2 ) .  We r e j e c t  t h e  h y p o t h e s i s
( 4 . 2 2 ) ,  i f  F>F , w h e re  P (F>F  / 4 . 2 1  an d  4 . 2 2 )  = C f ( f i x e d  c o n s t a n t ) ,  o #
T h e n ;
1 ) t h e  t e s t  d e s c r i b e d  i s  e q u i v a l e n t  t o  t h e  l i k e l i h o o d  r a t i o  
t e s t  f o r  h y p o t h e s i s  ( 4 . 2 2 ) ;
2 ) t h e  r a t i o  ( 4 . 2 3 ) h a s  t h e  F d i s t r i b u t i o n  w i t h  s an d  n - p  
d e g r e e s  o f  f r e e d o m  r e s p e c t i v e l y .
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CHAPTER V 
THE PRINCIPLE OF INVARIANCE
The p r i n c i p l e  o f  i n v a r i a n c e  i s  a  r e a s o n a b l e  c r i t e r i o n ,  s i n c e  
a  c h a n g e  o f  c o o r d i n a t e  s y s t e m  t h a t  l e a v e s  a  f u n c t i o n  i n v a r i a n t  
s h o u l d  c e r t a i n l y  l e a v e  t h e  s o l u t i o n  i ;o  t h e  p r o b l e m  u n c h a n g e d .  We 
now d i s c u s s  g r o u p s  o f  t r a n s f o r m a t i o n s  w h i c h  l e a v e  h y p o t h e s i s  t e s t ­
i n g  p r o b l e m s  i n v a r i a n t .  We s h a l l  t h e n  a p p l y  t h e  r e s u l t s  t o  t h e  
l i n e a r  h y p o t h e s i s  t e s t i n g  p r o b l e m  o f  c h a p t e r  IV ,  a n d  show t h a t  t h e  
maximum l i k e l i h o o d  m e th o d  y i e l d s  t h e  u n i f o r m l y  m o s t  p o w e r f u l  i n v a r ­
i a n t  t e s t  f o r  c o m p o s i t e  v s  c o m p o s i t e ,  (E ,  L .  Lehmann,  " T h e o r y  o f  
T e s t i n g  H y p o t h e s e s " ,  L e c t u r e s  b y  E .  L.  Lehmann a t  t h e  U n i v e r s i t y  
o f  C a l i f o r n i a ,  B e r k e l e y ,  1 9 4 8 - 9 ,  N o t e s  r e c o r d e d  b y  C o l i n  B l y t h . )
L e t
X -  Sam ple  s p a c e
G? -  A d d i t i v e  c l a s s  o f  s u b s e t s  o f  /
Cl -  S e t  o f  d i s t r i b u t i o n  l a b e l s
Pg -  P r o b a b i l i t y  m e a s u r e ,  w h e re  0 ^
C o n s i d e r  a  t r a n s f o r m a t i o n  /  - » X ( i n t o )  a n d  d e n o t e  t h i s
t r a n s f o r m a t i o n  b y  gX, X:j ( .  g  m e a s u r a b l e  means  t h a t  i f  AffT?, t h e n  
gAeO? an d  g ” "^Af07 , w h e r e  g**^A = [x/X-fCJ?, gX^Aj ,
L e t  G be  a  g r o u p  o f  1 t o  1 o n t o  a n d  m e a s u r a b l e  t r a n s f o r m a ­
t i o n s :  X  > )( . I f  X i s  a  ra n d o m  v a r i a b l e  w i t h  d i s t r i b u t i o n  P ^ ,
0 e f l ,  t h e n  gX i s  a  ran d o m  v a r i a b l e  an d  we s u p p o s e  t h a t  f o r  e a c h  geG,  
gX h a s  d i s t r i b u t i o n  P -  f o r  some ©eQ. F i n a l l y ,  we a s su m e  t h a t  i f
P (XfA) = P (XEA), f o r  a l l  B o r e l  S e t s  A f f l ,  t h e n  0 .  = 0 « .
2 ' ^
( 4 2 )
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DEFINITION ( 8 )  I f  X h a s  d i s t r i b u t i o n  an d  gX h a s  d i s t r i ­
b u t i o n  P - ,  we d e f i n e  a  t r a n s f o r m a t i o n  g  o n f i ,  s u c h  t h a t  g0  = 0
a n d  t h e n
P^(gX£A) = P - ^ ( X € A ) ,
b u t  P^(gXEA) = Pg(XEg “ "’a ) a n d  P-^(X SA )  = P -  (XeA).
Hence
P^(gX6A) = PgCXsA). ( 5 . 1 )
THEOREM ( 1 6 )  g  i s  1 t o  1 .  ( T h a t  i s ,  g9^ = gOg, i m p l i e s
P r o o f :  S u p p o s e  P -  (X£A) = P -  (XSA) f o r  e v e r y  AeCT?,
b y  ( 5 * 1 )  t h i s  i s  e q u i v a l e n t  t o  P (gXsA) = P (g X e A ) , o r
«1 ®2
P (X sg -^ A )  = P .  ( X ; g - \ A ) ,  ( 5 . 2 )
®2
f o r  e v e r y  A ' (7?. L e t  B b e  a n  a r b i t r a r y  m e a s u r a b l e  s e t ;  t h e n  gB = A
f o r  some A< J? an d  B = g"^ A .  T h e r e f o r e  ( 5 . 2 )  i s  e q u i v a l e n t  t o
Pg^(X sB)  = P ,^ ( X € B )
f o r  e v e r y  B f ^ , a n d  h e n c e  9^ “  ®2*
THEOREM ( 1 7 )  P _  « (XeA) = P .  _ * (XeA ),  w h e re  g . c G ,  g „eG .
1 2  1 2
P r o o f ;  P   (XeA) i s  w e l l  d e f i n e d  s i n c e  g7g_  i s  t h e  t r a n s f e r -
m a t i o n  o n  t h e  d i s t r i b u t i o n  s p a c e f l ,  i n d u c e d  b y  t h e  t r a n s f o r m a t i o n  
g j g g  on t h e  s a m p le  s p a c e  ) ( ,  w h i c h  i s  w e l l  d e f i n e d  i n  t h e  g r o u p  G* 
H ence
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
(44)
-1
= P g ( X £ g g " ’ g , " ’ A)
'  ^ ë i g g s f X f A ) .
THEOREM ( 1 8 )  G i s  a  g ro u p *
P r o o f :  From t h e o r e m  ( 1 8 )  we s e e  t h a t  g ^gg  i s  d e f i n e d  an d
ë l ë g f  G f o r  g^ggEC.
C o n s i d e r  t h e n
Pg(XsA) .  P , ( x e g g - 1 A )
= P g a ( X . g - ' A )
= P . - Z l ( X s A ) ,  
gg 9
w h i c h  s a y s  g g ” 0 = 6 ,  h e n c e  g g ” = e ( i d e n t i t y ) .  T h e r e f o r e
 ̂-j ^
g ” = i  ” an d  g  i s  t h e  r i g h t  i n v e r s e  o f  g .  S i m i l a r l y  c o n -
«•1 _ 1 _
s i d e r i n g  P ^(X fA )  = P^(XS'g” g A ) , we s e e  t h a t  g ” = g  i s  a l s o
t h e  l e f t  i n v e r s e  o f  g  f o r  some g?G.  Hence  we h a v e  a  two s i d e d  
i n v e r s e  a n d  i t  i s  u n i q u e ,  (O r  e l s e  G w o u ld  n o t  be  a  g r o u p , )
Hence t h e r e  a l s o  e x i s t s  a  u n i q u e  i d e n t i t y .  C l o s u r e  f o l l o w s  f r o m  
t h e  f a c t  G i s  c l o s e d ,  a n d  h e n c e  t h e  t h e o r e m  i s  p r o v e n .
C o n s i d e r  t h e  h y p o t h e s i s  t e s t i n g  p r o b l e m  
Ho: f  ( x )  6c ^ w h e re  'JJ ^  f l
A l t :  fg (% )  0 c n . ' c -  ( 5 . 5 )
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DEFINITION ( 1 5 ) The p r o b l e m  o f  ( 5 . 3 )  i s  i n v a r i a n t  u n d e r  a
g r o u p  G, i f  f o r  e a c h  geG
1 )  g U f  = cu
2 ) s ( n - c u )  = r i - o )
DEFINITION ( 1 4 ) A f u n c t i o n  h ( x )  i s  i n v a r i a n t  u n d e r  a  g r o u p
G i f  f o r  e v e r y  gCG, h ( g x )  = h ( x ) .
The p r i n c i p l e  o f  i n v a r i a n c e ;  F o r  a  h y p o t h e s i s  t e s t i n g  p r o b ­
lem  i n v a r i a n t  u n d e r  G, among a l l  i n v a r i a n t  s i z e o f t e s t s ,  c h o o s e  t h e  
m o s t  p o w e r f u l  one  i f  i t  e x i s t s .  (A t e s t  i s  e s s e n t i a l l y  a  f u n c t i o n
a s s u m i n g  t h e  v a l u e s  0 f o r  a c c e p t a n c e ,  1 f o r  r e j e c t i o n ,  h e n c e  a
t e s t  i s  i n v a r i a n t  i f  i t s  a s s o c i a t e d  f u n c t i o n  i s  i n v a r i a n t . )
DEFINITION ( 1 5 ) f ( x )  i s  a  m ax im a l  i n v a r i a n t  u n d e r  a  g ro u p
G i f ,
1 )  f ( x )  = f ( g x )  f o r  e v e r y  g 'G
2 ) f ( x ^ )  = f f x g )  i m p l i e s  Xg = gx^ f o r  some geG.  ( T h a t  i s ,
x^ a n d  Xg a r e  i n  t h e  same e q u i v a l e n c e  c l a s s ,  w h i c h  i s  d e f i n e d  on
t h e  s a m p le  s p a c e  )( by  t h e  g r o u p  G. ) T h i s  e q u i v a l e n c e  d e f i n e d  b y
2 ) o f  d e f i n i t i o n  ( 1 1 )  d i v i d e s  t h e  s p a c e  ^  i n t o  s e t s  o f  m u t u a l l y  
e q u i v a l e n t  e l e m e n t s .  Hence  a  f u n c t i o n  f ( x )  w h i c h  i s  m ax im a l  and  
i n v a r i a n t  u n d e r  G, i s  one  t h a t  i s  c o n s t a n t  o v e r  e a c h  o f  t h e s e  s e t s ,  
a n d  a s s u m e s  d i s t i n c t  v a l u e s  on  d i s t i n c t  s e t s  o f  e q u i v a l e n t  e l e m e n t s .
THEOREM ( 1 9 ) P ( x )  i s  i n v a r i a n t  u n d e r  G i f  a n d  o n l y  i f  i t  i s
a  f u n c t i o n  o f  x  t h r o u g h  t h e  m a x im a l  i n v a r i a n t .  ( T h a t  i s ,
F ( x ) = h ( f ( x ) )  f o r  some h .  N o t e ,  h  an d  f  a r e  d e f i n e d  s o  t h a t  t h e  
d o m a in  o f  h ( f ( x ) )  i s  ^  , w h i l e  t h e  r a n g e  i s  t h e  s p a c e  o f  y ' s . )
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P r o o f :  S u p p o s e  P ( x )  = h ( f ( x ) ) ,  t h e n
P (ffx )  = h ( f ( g x ) )  = h ( f ( x ) )  = P ( x ) .
T h i s  p r o v e s  t h e  s u f f i c i e n c y .
We n e e d  o n l y  t o  show t h a t  i f  P ( x )  i s  i n v a r i a n t ,  t h e n  
f ( x ^ )  =----------------- ^ F ( x ^ ) = F ^X g ) .
Now f ( x ^ )  = f ( x g ) z z ^ ^ X g  = gx^ f o r  some geG,  Hence
F ( x g )  = F ( g x ^ )  = P ( x ^ ) ,
s i n c e  P i s  i n v a r i a n t  a n d  t h i s  p r o v e s  t h e  n e c e s s i t y ,
THEOREM ( 2 0 ) L e t  P ( x )  be  i n v a r i a n t  u n d e r  G a n d  l e t  v ( 9 )  be 
t h e  m ax im al  i n v a r i a n t  u n d e r  G, Then  t h e  d i s t r i b u t i o n  o f  P(x)  
( r an d o m  v a r i a b l e )  d e p e n d s  on 0 o n l y  t h r o u g h  v ( 0 ) .
P r o o f :  L e t  Y » P (X)  b e  r e a l  v a l u e d ,  m e a s u r a b l e  a n d  i n v a r i a n t .  
P (X) h a s  v a l u e s  on  t h e  s p a c e  Y. An a d d i t i v e  c l a s s  o f  s u b s e t s  o f  
Y i s  d e f i n e d  b y  = = ^ P “ ^B€(7?. A p r o b a b i l i t y  m e a s u r e  o v e r  ^  i s  d e ­
f i n e d  b y  Pg(Y = P (X )e B )  = Pq(X£P“ ^ B ) .  The p r o o f  o f  t h e  t h e o r e m  
a m o u n t s  t o  s h o w in g  v ( 6 ^ )  = v(@g ) P^ (Y£B) = P^ (Y£B) .  N o w
v ( e ^ )  = v(G g)  « g0g f o r  some ggG. Hence
P *  ( P ( X ) 6 B )  = P ^ ^ ( P ( X ) £ B )
= Pn (gX£P" '’B)
= Pq ( P ( g X ) s B )
= P_ ( F ( X ) f B ) ,
s i n c e  F i s  i n v a r i a n t  u n d e r  G.
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MAXIMAL INVARIANT IN STEPS
THEOREM ( 2 1 ) L e t  H an d  K b e  tw o  g r o u p s  o f  m e a s u r a b l e  t r a n s ­
f o r m a t i o n s  on ) ( f  s u c h  t h a t  H i s  a  n o r m a l  s u b g r o u p  o f  t h e  s m a l l e s t  
g r o u p ^ , g e n e r a t e d  b y  K a n d  H. L e t  y  = f ( x )  b e  a  m ax im a l  i n v a r i a n t
■¥r "X"
u n d e r  H. Then  K i n d u c e s  a  g r o u p  K o f  t r a n s f o r m a t i o n  k  on  t h e
* * / \ / \ ^  s p a c e  o f  y ' s ,  b y  k  y  = k  f ( x )  = f ( k x ) ,  w h e re  K i s  hom om orph ic  t o  K,
I f  P ( y )  i s  a  m a x im a l  i n v a r i a n t  u n d e r  K , t h e n  P ( f ( x ) )  i s  a  m ax im al
i n v a r i a n t  u n d e r  4̂ ,
*
P r o o f :  I n  o r d e r  t h a t  we may d e f i n e  k  a s  a  t r a n s f o r m a t i o n  on
t h e  s p a c e  o f  y * s ,  we m u s t  show f ( x ^ )  = f ( x 2 )=$>f(kXg) = f ( k x ^ ) .  Now
f ( x ^ )  = f  ( x g )  Xg = hx^ f o r  some heH .  Now H i s  a  n o r m a l  s u b g r o u p
-1  I I
a n d  we know k h k  = h  o r  h k  = k h  an d  t h e r e f o r e
f ( x ^ )  = f ( x g )  = ^ f ( k X g )  = f ( k h x ^ )  = f ( h * k x ^ )  = f ( k x ^ )
*
w h i c h  shows t h e  d e f i n i t i o n  o f  k i s  v a l i d .  Now
( k ^ k ^ f ( x )  = f ( k ^ k 2x )  = k ^ ^ f C k ^ x )  = k * k * f ( x ) ,
h e n c e  we h a v e  c l o s u r e  u n d e r  m u l t i p l i c a t i o n .
To show P ( f ( x ) )  i s  a  m ax im a l  i n v a r i a n t ,  s u p p o s e  Xg = gx^ f o r  g f j ^
Hence  F ( f ( x g ) )  = P ( f ( g x ^ ) )
* P ( f ( h k x ^ ) )  ( 5 . 4 )
= P ( f ( k x ^ ) )  ( i n v a r i a n c e  o f  f  u n d e r  H)
= P ( k  f ( x ^ ) )  ( d e f i n i t i o n )
= P ( f ( x ^ ) )  ( i n v a r i a n c e  o f  P u n d e r  K . )
H ence  P ( f ( x ) )  i s  i n v a r i a n t .
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To show ( 5 *4 ) ,  we n e e d  t o  show t h a t  a n y  e l e m e n t  g s ^  may  be  w r i t t e n  
a s  h k .  C o n s i d e r  = g / g  = f h k ,  h£H, k£K] f o r  G ^ c ^ .  Now G^ i s  a  
g r o u p  f o r
I t M
h ^ k ^ h g k g *  h ^ k ^ k g h g  = h ^ k h g  = h ^ h ^ k  = hk
a n d
( h k ) - ' '  -  k - ' h - '  .  h ' k - 1 ,
but;(ÿcG^ ) s i n c e  J j  i s  t h e  s m a l l e s t  g r o u p  c o n t a i n i n g  H a n d  K, t h e r e ­
f o r e  ge^y  g  = hk  f o r  some heH ,  k sK .
We m u s t  show F ( f ( x ^ ) )  = P ( f ( % g ) ) = ^ x ^  = gx^  f o r  some g ^ j ÿ »
L e t  y^ = f ( x ^ ) ,  yg  = f f x g ) ,  we g e t  F ( y ^ )  = F ^ y g ) .  Bu t  F i s  a
* *
M axim al  i n v a r i a n t  u n d e r  K. Hence  y^ = k  y ^ .  T h e r e f o r e
f ( x ^ )  » k  f^ X g )  = f C k X g ) ,  Bu t  f  i s  a  m ax im al  i n v a r i a n t  u n d e r  H.
H ence  x^ » h kx^  b u t  h k  = g  f o r  some g t ÿ  , s o  x^ = gXg f o r  some
g c ^ '  an d  t h e  t h e o r e m  i s  p r o v e n .
GENERAL LINEAR HYPOTHESIS (UNIVARIATE)
C o n s i d e r  • ,X ^ ,  , .  • .  » • • • i n d e -
2
p e n d e n t ,  n o r m a l ,  e a c h  w i t h  mean 0 ^  a n d  common v a r i a n c e  CT . We 
w i s h  t o  t e s t  t h e  h y p o t h e s i s
0̂*1 -  02  “ »••*>  0j.  “  ®
Ho: ( 0 r + 1 » ......................» 0 r + s  u n s p e c i f i e d
^ r + s + 1 '    ^ n  = °
(At  l e a s t  one  0 ^  0  0  f o r  i  = 1 , , . . , r
A l t .  | 0 r + 1 * ' " ' * * * ' ' *  0y+g u n s p e c i f i e d
. ^ r + s + 1 ' ...............» °
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(49)
Consider th e  red u c tio n  to  canonica l form o f the hypothesis  te s t in g
p r o b l e m  o f  C h a p t e r  IV ,  The w e r e  n o r m a l l y  a n d  i n d e p e n d e n t l y  d i s -
2
t r i b u t e d ,  e a c h  w i t h  mean u *  a n d  v a r i a n c e  (T , w h i c h  i s  e q u i v a l e n t  t o  
t h e  X^*s we a r e  now c o n s i d e r i n g .  The a s s u m p t i o n s  w e r e  u;J » 0 f o r  
= 1 , , , . , n - p ,  w h i c h  i s  e q u i v a l e n t  t o  t h e  0 ^  = 0 f o r  i  = r + s + 1 , . , , , n ,  
u n d e r  b o t h  h y p o t h e s e s  ( 5 * 5 ) *  We made no  a s s u m p t i o n s  a b o u t  t h e  u #  
f o r  o( = 1 , , , , , p - s ,  w h i c h  i s  a l s o  t r u e  f o r  t h e  p r e s e n t  p r o b l e m .
F i n a l l y  we s e e  t h e  e q u i v a l e n c e  o f  t h e  two  h y p o t h e s e s  b e i n g  t e s t e d .  
C o n s i d e r i n g  (5 « 5 )>  we now l o o k  f o r  a  u n i f o r m l y  m os t  p o w e r f u l  i n ­
v a r i a n t  t e s t ,  A g r o u p  o f  t r a n s f o r m a t i o n s  H, t h a t  l e a v e s  t h e  p r o b ­
le m  i n v a r i a n t  i s
H
jl ) Y^ » + C^ f o r  i  = r + 1 , r + 2 , , , , ,  r + s
^2) Yj  ̂ = Xj  ̂ f o r  i  = 1 , , . , ,  r ,  r + s + 1 , , . , ,  n
A m a x im a l  i n v a r i a n t  u n d e r  t h i s  g r o u p  H i s  c l e a r l y  
( X ^ , . . , , X ^ ,  X r + s + 1 , . . . ,  X*)
A n o t h e r  g r o u p  o f  t r a n s f o r m a t i o n s  K w h i c h  l e a v e  t h e  p r o b l e m  
i n v a r i a n t  a n d  w h e r e  K i s  s u c h  t h a t  t h e  g r o u p  H i s  n o r m a l  i n  t h e  
g r o u p  g e n e r a t e d  by  H an d  K i s  t h e  f o l l o w i n g
1 )  O r t h o g o n a l  t r a n s f o r m a t i o n s  on  ( X ^ , . , , ,  X^)
K : \ 2 )  O r t h o g o n a l  t r a n s f o r m a t i o n s  on  X^)
5 )  L e a v e s  ( X ^ ^ ^ , , . , ,  X ^^^)  f i x e d
A m a t r i x  r e p r e s e n t a t i o n  o f  a  t r a n s f o r m a t i o n  o f  t h i s  t y p e  i s
Ê- 1  0  0 jC I O  ( 5 . 6 )p 0 PJ
w h e r e  a n d  Pg a r e  o r t h o g o n a l  m a t r i c e s  w h e r e  P^ i s  r x r  a n d  Pg
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( 5 0 )
*
i s  n - s - r  x n - s - r ,  Fow t h e  i n d u c e d  g r o u p  K o f  t r a n s f o r m a t i o n s  o f  t h e
majcimal i n v a r i a n t  f u n c t i o n  u n d e r  H l e a v e s  o u r  p r o b l e m  i n v a r i a n t  f o r
*  *  *  
a n y  k  € K j k i s  o f  t h e  fo rm
w h e re  a n d  Pg a r e  t h e  same a s  i n  ( 5 * 6 ) » Now a  m ax im al  i n v a r i a n t  
u n d e r  t h e  g r o u p  K i s
= Ü , X / "  = V. ( 5 . 7 )
i=1 i = r + s + 1
An o r t h o g o n a l  t r a n s f o r m a t i o n  i s  e s s e n t i a l l y  a  r o t a t i o n  a b o u t  
t h e  o r i g i n  a n d  t h e r e f o r e  t h e  sums o f  s q u a r e s  o f  t h e  v a r i a b l e s  i s  
i n v a r i a n t .  T h i s  i s  a  m a x im a l  i n v a r i a n t  s i n c e  u n d e r  a  r o t a t i o n ,  a n y  
p o i n t  may b e  r o t a t e d  i n t o  a n y  o t h e r  p o i n t  w h i c h  l i e s  t h e  same d i s ­
t a n c e  f r o m  t h e  o r i g i n .
L e t  u s  now c o n s i d e r  a  f u r t h e r  g r o u p  L o f  t r a n s f o r m a t i o n s  w h i c h  
l e a v e  t h e  p r o b l e m  i n v a r i a n t  a n d  i s  s u c h  t h a t  G ( t h e  g r o u p  g e n e r a t e d  
b y  H an d  K) i s  n o r m a l  i n  t h e  g r o u p  M g e n e r a t e d  b y  H, K a n d  L .  T h e s e  
t r a n s f o r m a t i o n s  a r e  d e f i n e d  t o  be
cX^ f o r  lEL  i  = 1 , 2 , , . . , n  ( 5 . 8 )
*
T h i s  i n d u c e s  a  g r o u p  L , t h e  t r a n s f o r m a t i o n s  on  t h e  m ax im al  i n v a r -
*
i a n t  (U ,V)  s u c h  t h a t  u n d e r  L ,
i=1 i = r + s + 1  /  \ i = 1  i= r+ s + 1
A m a x im a l  i n v a r i a n t  u n d e r  t h e  p r o d u c t  o f  a l l  t h r e e  g r o u p s  i s
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  » S  B w* where s n ( 5 * 9 )
i» P + S + 1
Or we could e q u a lly  as w e ll use
W .    (5.10)
Ï :  x / / . -
i=r+s+1
Now the d e n s ity  o f (5 *1 0 )  i s
F
_m2/2^S2— ( 1 ^ / 2 * ( f / 2 ) " 1 + h
' ^ 1 . <r ® <*)  "  = + h
( 5 .1 1 )
(p . 0* Tang, "The Power Function  o f the A nalysis  o f V ariance Tests  
w ith  Tables and I l lu s t r a t io n s  o f T h e ir  Use", S t a t is t ic a l  Research 
Memoirs, I I ,  Page 1 1 6 , )
Y ( (n -s + r ) /2  + ^
and
U/2 _  1 / / I - 2  f -  £,
X» I
Therefore
-  1 /c r^  ^  e /  ( 5 .1 3 )
p^ ^ 2  (w) « "T --------rrT rriT T Z p  ( 5 . H )■ 0 , , , , 0 |  cr̂  “ (1 + * ) ( n - 8 + r ) / 2
T h ere fo re  the most pow erfu l t e s t  based on w ag a in s t a p a r t ic u la r  
a lte r n a t iv e  is
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#(%) “ 1 ’'•'en  ̂ ( t  V w)’’ ( 5 .1 5 )
h=0
w h e r e  ^ ( x )  i s  a  t e s t  o f  Ho a n d  a  m e a s u r a b l e  f u n c t i o n  d e f i n e d  on 
t h e  s a m p le  s p a c e #  The l e f t  h a n d  s i d e  o f  t h e  i n e q u a l i t y  d e f i n e d  
h y  ( 5 . 1 5 ) i s  a  s t r i c t l y  i n c r e a s i n g  f u n c t i o n  o f  w / (1 + w )  a n d  h e n c e  
i s  a  s t r i c t l y  i n c r e a s i n g  f u n c t i o n  o f  w. The a b o v e  m o s t  p o w e r f u l  
t e s t  o f  Ho i s  t h e r e f o r e  
0 ( w )  = 1 when w > c  
a n d  s i n c e  t h i s  t e s t  d o e s  n o t  d e p e n d  u p o n  t h e  p a r t i c u l a r  a l t e r ­
n a t i v e ,  i t  i s  t h e  u n i f o r m l y  m o s t  p o w e r f u l  i n v a r i a n t  t e s t  o f  
t h e  h y p o t h e s i s  Ho* T h e r e f o r e  we s e e  t h a t  t h e  l i k e l i h o o d  r a t i o  
t e s t  i s  t h e  u n i f o r m l y  m o s t  p o w e r f u l  i n v a r i a n t  t e s t  f o r  t h e  
u n i v a r i a t e  l i n e a r  h y p o t h e s i s #
We now h a v e  t h e  m a t h e m a t i c s  a n d  t h e  m e th o d  t o  t e s t  l i n e a r  
h y p o t h e s e s ,  A few  e x p e r i m e n t a l  d e s i g n s  w h e r e  t h e s e  h y p o t h e s e s  
a r i s e  i n c l u d e :  m u l t i p l e  f a c t o r  ( c l a s s i f i c a t i o n )  w i t h  r e p l i c a ­
t i o n  a n d  w i t h ,  o r  w i t h o u t ,  i n t e r a c t i o n  ( d e p e n d e n c e  among 
f a c t o r s ) ;  l a t i n  s q u a r e  a n d  g r e c o  l a t i n  s q u a r e  d e s i g n s ;  f a c t o r i a l  
d e s i g n ;  r a n d o m i z e d  and  i n c o m p l e t e  b l o c k  d e s i g n s ;  a n d ,  r e g r e s s i o n  
an d  a n a l y s i s  o f  c o v a r i a n c e #
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